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AN ASYMPTOTIC UNSTEADY LIFTING-LINE THEORY 
WITH ENERGETICS AND OPTIMUM MOTION OF THRUST- 
PRODUCING LIFTING SURFACES 
by 

All Reza Ahmadl 
ABSTRACT 


A low-frequency unsteady lifting-line theory has been developed for a 
hamonically-oscillating wing of large aspect ratio. The wing is assumed 
to be chordwise rigid but completely flexible in the span direction. The 
theory is developed by use of the method of matched asymptotic expansions 
which reduces the problem frcxn a singular integral equation to quadrature. 
The wing displacements are prescribed and the pressure field, airloads and 
unsteady Induced downwash are obtained in closed form. The influence of 
reduced frequency, aspect ratio, planform shape and mode of oscillation on 
wing aerodynamics is demonstrated through numerical examples. Compared 
with lifting-surface theory, computation time is reduced significantly. 
The theory Identifies and resolves the errors in the unsteady lifting-line 
theory of James (1975) and raises questions about the complete validity of 
that_pf Van Holten (1975). 

Using the present theory, the energetic quantities associated with the 
propulsive performance of a finite wing oscillating in combined pitch and 
heave, namely the power required to maintain the wing oscillations, the 
thrust, the energy loss rate due to vortex shedding in the wake and the 
leading-edge suction force have been obtained in closed form. Numerical 
examples are presented for an elliptic v/ing. The region of validity of the 
present unsteady lifting-line theory is found to be considerably larger 
than anticipated, containing the veilues of reduced frequency and aspect 
ratio which are of greatest interest in most applications. 

The optimum solution of Wu (1971b) for a rigid airfoil has been recast 
in terms of the normal modes of the energy-loss-rate matrix to shed light 
on the structure of the solution. It is found that one of the modes, 
termed the invisible mode, plays a central role in the solution and is 
responsible for the nonuniqueness of the solution. Using the results of 
the present unsteady lifting-line theory, the optimum motion of a finite 
rigid wing has also been auialyzed rigorously. It is found that the 
solution is unique (no invisible mode). Numerical results for the optimum 
motion of an elliptic wing are presented. 

Finally, an alternate approach has been presented for the calculation 
of the energetic quantities in two and three dimensions, namely the use of 
the integral form of the conservation laws. This approach has the 
advantages of being quite general, physically enlightening and avoiding the 
direct calculation of the leading-edge suction force. However, the 
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distribution of bound circulation euid pressure on the wing are required. 

Suggestions for future work on the basis of the present investigation 
are also given. 
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CHAPTER I 
INTRODOCTION 


Important unsteady and three-dimensional effects occur for a wide 
range of problems of practical interest involving oscillating finite wings. 
Many of these cannot be calculated by the use of strip-theory and 
quasi-steady aerodynamics. The high cost of numerical implementation of 
current unsteady lifting-surface theory, on the one hand, and the success 
of Prandtl*s lifting- line theory, on the other, have prompted several 
investigators in the past few years to seek to extend the lifting-line 
concept to unsteady flows. Another advantage of the lifting-line theories 
is that the results can be obtained in closed form which would be suited 
for optimization studies. Unfortunately, existing unsteady lifting-line 
theories are mostly incomplete and/or incorrect, with almost ho numerical 
results available. The present work includes the development and 
applications of an unsteady . lifting-line theory for a 
harmonically-oscillating straight wing of large aspect ra,tio which is 
completely flexible in the span direction. Extensive numerical results are 
presented. 

One area of application which has received some attention in recent 
years is the study of the propulsive performance and optimum shapes and 
motions of oscillating rigid or flexible wings. Optimum refers to those 
displacements of the wing which minimize the average energy loss rate in 
the wake due to vortex shedding (1) subject to the condition of fixed 
_ _ __ 

This quantity is alternately referred to as the wake energy since, as we 
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average thrust. This would be helpful in understanding certain inodes of 
animal propulsion in nature, such, as flapping flight of birds and 
undulations of lunate tails of some fish which are typically associated 
with high hydrodynamic efficiency. Studies in this area to date have been 
mostly in two dimensions where the theory is well developed and the 
closed-form results have been used to determine the optimum motion of a 
rigid and a flexible airfoil. In three dimensions, the studies have been 
based on numerical and approximate unsteady lifting-surface theories, where 
the numerical results have precluded a rigorous determination of the 
optimum. In the current study, using the present unsteady lifting-line 
theory, the energetic quantities, namely the power required to maintain the 
wing oscillations, the thrust, the energy loss rate in the wake and the 
leading-redge suction fofce are determined in closed form for a finite wing 
oscillating in combined pitch and heave. Then, using the latter results, 
the optimum motion is determined rigorously. The present work also 

includes an alternate method of determining the energetics of flapping 
flight, namely the use of the integral form of the conservation laws. This 
approach, however, is found not to be well suited for optimization studies. 

The studies presented in this work are based on linearized 
arerodynamic theory and as such are restricted to small-ramplitude 
transverse oscillations of the wing. The free stre^ velocity is assumed 
to be small enough to consider the fluid as incompressible, and yet large 
enough so that the Reynold's number based on a characteristic length of the 
wing is large. The viscous effects are then confined to a thin boundary 
layer at the wing and a thin trailing wake. The energetic quantities are 

will see in Chapter VI, it is related to the kinetic energy content of the 
far wake. 
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0(€^) where 6 > 0 is a small parameter denoting the order of magnitude of 
the perturbations. The energetic quantities are, hence, alternately 
referred to as the quadratic quantities. Since the quantities of interest 
are primarily due to the inertial forces, they can be determined from 
potential flow theory. The analyses are restricted to the purely unsteady 
component of the wing motion. 

Due to the diversity of the topics under consideration, a survey of 
the literature and further introductory remarks are presented in the 
introduction section of the following chapters. 
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CHAPTER II 

UNSTEADY LIFTING-LINE THEORY AS A 
SINGULAR PERTURBATION PROBLEM 


2 . 1 Introduction 

Prandti's lifting-line theory (Prandtl (1918)) was the first 
successful att^pt to solve the linearized problem of the uniform motion of 
a wing of large aspect ratio. After six decades, Prandti's theory is still 
in use in preliminary design and analysis. Since the advent of high-speed 
computers, however, detailed design and analysis has been increasingly 
carried out using steady and unsteady . numerical lifting-surface theories 
(see, e.g. , Landahl and Stark (1968)). These generally involve the 
numerical solution of a singular integral equation and typically require 
large amounts of computer time especially for unsteady flows. 

In the area of unsteady wing theory, in the meantime, a large number 
of approximate and ad hoc theories have been developed. These may be 
termed irrational approximate theories since the order of magnitude of the 
errors introduced by the approximations is not known. There also exist a 
few rather specialized exact solutions (see, e.g., Schade and Krienes 
( 1947 )) which are, nevertheless, valuable in understanding certain aspects 
of finite wing problems such as the flow field near the wing tips. 

Quite a different approach began with the Important discovery of 
Friedrichs (1953) that the motion of a high-aspect-ratio wing can be 
formulated as a singular perturbation problem. Using the method of matched 
asymptotic expansions (MAE), Van Dyke (1963) developed ein asymptotic 
lifting-line theory which reduced the problem from an integral equation to 
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quadrature and reproduced Prandtl’s result to the order of its validity. 
Such theories can be carried out to higher orders systematically, as was 
demonstrated by Van Dyke, although this is often unnecessary. Theories of 
this type may be termed, rational approximations, since the order of 
magnitude of the errors is known. 

During the last few years, a few investigators have developed 
asymptotic theories for high-aspect-ratio wings in unsteady motion. These 
have been termed unsteady lifting-line theories (1). These theories are 
still in their infancy, as can be seen fran an examination of the few 
published works, one of which is incorrect and for the others some 
questions remain about their validity and utility. Also, since there is an 
almost total lack of numerical examples and correlations with 

lifting-surface and experimental results in these works, the assessment of 
their value is more difficult. 

James (1975) has published a work on an unsteady lifting-line theory 
for a straight flexible wing in unsteady motion. His treatment of the 
problem uses a semi- intuitive MAE approach. His unsteady induced downwash 
is found to be in error (as well as being infinite) which renders his 
three-dimensional unsteady results incorrect. He also suggests that his 
theory is valid for all reduced frequencies, whereas the formulation 
clearly assumes low reduced frequencies. Further, he does not treat and 


( 1 ) 

In the classical sense, this is a misncmer since in unsteady flow, as was 
first pointed out by Reissner (19^^) > the lowest-order induced downwash is 
not a constant across the chord, except in the steady flow limit. Hence, 
one can no longer speak of a loaded line. However, in analogy with steady 
flow, we will use the term unsteady lifting-line theory for the asymptotic 
solution, where the outer solution involves a loaded line and the inner 
solution is an oscillating airfoil with an induced downwash that is not 
constant across the chord. 
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resolve the inherent nonuniqueness of the solution in the acceleration 
potential formulation of the problem. 

Cheng (1975) has proposed an unsteady lifting-line theory for a wing 
with curved and/or swept planform in harmonic oscillation. His formulation 
is in terms of the velocity potential which he determines to leading order 
in inverse aspect ratio. The work does not include calculation of the 
aerodynamic loading, the unsteady induced downwash and some of the 
important details, nor is the work presented in a form ideal for such 
calculations. To this author's knowledge, Cheng was the first to identify 
the various frequency domains for the influence of unsteadiness on the 
induced downwash. These domains are. described below. 

Van Holten (1974, 1975, 1976, 1977) has developed lifting-line 

theories for a rigid rectangular wing in uniform motion, with and without 
yaw and transverse harmonic oscillation, and also as a helicopter rotor 
blade in forward flight. It is implicit in his analysis that the unsteady 
Induced downwash is a constant across the chord. As already mentioned, 
this is not the case in unsteady flow, except in the steady flow limit. He 
also regards his theory as valid for all reduced frequencies; this is 
unlikely since it uses a constant induced downwash at each chord. His 

analysis leads to. an Integral equation which must be solved numerically. 
Van Holten was the first to point out the correct physical interpretation 
of the induced downwash in steady and unsteady flows. The same 
interpretation comes out of the present work. 

The problem of a harmonically oscillating three dimensional wing 
involves three characteristic length scales, namely the chord c, the span b 
and the wavelength of the periodic wake "X = 2tru/uJas shown in Figure 2.1. 
As far as the influence of unsteadiness on the three-dimensional effects 
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1 


are concerned, Cheng (1975) has identified five ranges of Tv for a 
high- aspect- ratio wing (c « b): 

I. 

II. 

III. 

IV. 

V. 

Domain I 

aerodynamic theory is adequate. Domain V, on the other hand, corresponds 
to very high frequencies where the self-averaging effect of the 
high-frequency periodic wake renders the problem locally two-din»nsional. 
In domain II, the the reduced frequency based on the span w b/U = 0(1), 
whereas in domain IV the reduced frequency based on the chord «o c/D = 0(1). 
The analysis of the problem in domains II and IV involves two distinct 
regions in space corresponding to length scales c and b, whereas the 
analysis of domain III involves three regions in space corresponding to c, 
b and A • 

Cheng further points out that an important result of the condition 
A « b is that the three-dimensional effects produced by the far wake 
vanish with A /b and become much smaller than the local three-dime ntional 
effects. The above frequency domains are depicted qualitatively in a 
reduced frequency aspect ratio diagram in Figure 2.2. 

Chapters II - V are devoted to the development and applications of an 
unsteady lifting-line theory valid in domains I and II. It seems, from the 
numerical results, that the theory may be valid in parts of domains III - V 
as well. The wing model used is shown in Figure 2.3a where the chord is 
0(A~') and the span is 0(1). A similar asymptotic theory can be developed 


c « b « A 
c « b = 0(A) 
c « A « b 
c s 0( A ) « b 
A « c « b 


very low frequency 
low f reque ncy 
intermediate frequency 
high frequency 
very high frequency 


corresponds to very low frequencies where quasi-steady 


') 


) 
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for domains IV and V using a wing model with chord of 0(1) and span of 
0(A). Such a theory may also be valid In parts of domains I - III, In 
which case the two theories together might form a unified unsteady 
lifting-line theory for the entire frequency spectrum. Otherwise, a third 
theory would be needed for domain III to bridge the gap between the low- 
and high-frequency theories. The latter will probably be the most 
difficult of the three. However, since most applications of interest fall 
in domains I and II, this region will be our focus. 

The present theory is formulated in terms of the acceleration 
potential 'jJ . The advantages of this formulation are that 4^ is continuous 
across the wake and the pressure on the wing is obtained directly from 4^ . 
However, the solution is not unique since multiples of eigensolutions with 
'S4'/‘S^ = 0 at the wing may be added. Uniqueness is achieved by determining 
the downwash by integration of 4* from far upstream to some point on the 
wing. 

An asymptotic expansion is carried out to leading order in inverse 
aspect ratio. All of the results of the present theory are obtained in 

closed form 2 ind are thus suited for optimization studies. Numerical 
results for the present theory compare favorably with other theories 
including unsteady lifting-surface theories. Compared with the latter, the 
required computation time is reduced significantly. 

Problem Formulation 

Consider a thin almost planar wing of large aspect ratio, executing 
small-amplitude harmonic oscillations normal to the wing planform, in a 
uniform stream of invlscld Incompressible fluid. The wing has a straight 
mid-chord line positioned normal to the free stream. 
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The wing planform is described by 

X=±C(V)/A lyl^b i=0 (2.1) 

in a coordinate system (x,y,z) fixed to the mean position of the wing as 
shown in Figure 2.3a. The free stream velocity U is directed along the 
positive x-axis. Here, A is the wing aspect ratio defined as 

A= (Zb)^/ Sa ^2.2) 

where b is the semi span length and is the wing planform area. c(y)/A 
is the semi chord. Both b and c(y) are assumed to be 0(A®). 

The transverse displacements of the wing (mid-camber siu?face) are 
described by 

2 ^ KCX, Y.t 

or, equivalently, by 

(C./A) (V) + + J 

Ix) < C(V)/A IVU b 

where and nondimensional quantities; Co/A is the root semi 

chord; j is the temporal complex unit; is the radian frequency of 
oscillation; and t is time. The above relations define a wing which is 
flexible in the span direction, capable of executing arbitrary torsional 
and bending oscillations. The wing sections, however, are rigid airfoils 
performing heaving motion of amplitude 


) = [ Ko(V>/A + o< CV) x3 

1X1 < CC'/)/A IVU b 




12. 3) 


r 




1 


ju)t 



CZ.S) 


holy)//! = 3 §„cy) 

and pitching motion, about. the mid chord, of amplitude 

/aiV)l = /S, CV) +j is. <-V) I 

with phase angle 

/ ii (- 2 . 7 ) 

leading the heaving motion. The heaving motion Is taken as positive In the 
positive z-dlrectlon and the pitching motion Is taken as positive In the 
direction of negative rotation about the y-axls as shown In Figure 2.3b. 

We require that the arbltreuy functions h^Cy) and (y) (or, 
equivalently, fjj(y)> f,(y) and ^(yJ) be such that the wing displacements 
satisfy the conditions of linearized theory, namely 

3K/'SX ^ 2>^/^Y y « » (2-8) 

Implicit In the above restrictions on the choice of h(x,y,t) and c(y) Is 
the fundamental assumption of lifting-line theory that the spanwise flow 
perturbations are small compared with. those in planes normal to the span. 

in this work, we use the forms (2.3) and (2.4) interchangeably, with 
the latter being especially convenient in numerical calculations. The wing 
shapes and motions described by (2.1), (2.3) and (2.4) embraces a broad 
class of interesting problems involving unsteady motion of spanwise- 
flexible wings. 

The above problem can be formulated in terms of the acceleration 
potential 4* defined as 
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where X = {x,y,z), p is pressure, P is fluid density and p^ is the free 
stream pressure. It follows from the linearized Euler equation and the 
continuity equation that Ip is governed by the Laplace equation 

^3 4^ (X/t) = O 

where the subscript ( indicates a three-dimensional Laplacian, The 
linearized boundary condition at the wing specifies the downwash. 

w u,t) = (|t + = K 

lXi$c^y)/A IVl^b £=o± ( 2 .iict) 

For h(x,y,t) in (2.3), this becomes 

Wo t) — + U<X(V) ^3^ 

lxi^c(.y)/A Wl^b 2=o± C2.jib) 

Substituting (2.11a) in the z-component of the linearized Euler equation, 
we can express the tangency condition in terms of ^ . 

^ 4'cx.t) = +u|;,) VAio 

\x\^<^cy)/A iVl^b 2 = o*± CZ.IZ) 

Along the trailing edge, the Kutta condition requires that the pressure 
remain bounded, 

14)(X, t) 1 < X = ccy)/A iVKb -2: = 0 (Z,i3) 



Since ^ is an odd function of z, it follows that 

1X\>cv.Y)/A £ = o CZ.i4) 

Further, we require the pressure disturbances to vanish at Infinity. 

^^(>t^'b)-^0 \ix^4 7^ + oo CZ,iS) 

The solution of the linearized boundary value problem ( 1 ) defined by 
(2.10) > (2.15) can be expressed in terms of a distribution of 

three-dimensional pressure doublets over the projection of the wing 
planform on the xy-plane. 

b ay)/A ^ 

-b -cly)/A 

• where 

iR. = [cx- I)*- + (.y- 1 )^ + 3 ( 2 . 1 ?) 

and A p = ~ is tbe local pressure jump across the wing, with ( and 

( denoting the upper and lower wing surfaces respectively. This can be 
readily seen from (2.16) by taking the limit as z->-0±with x and y fixed. 

iO CX,V,0 + ) - $ (X, V, 0-)] cx,v; ( 2 .. >8) 

In the following sections, using the MAE method, we find the solution 
for (p , for given wing shapes and motions, which is uniformly valid 

_ ^ ^ ^ ^ 

We are justified by linearity to write all dependent variables as 
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throughout the flow field. The value of ^ at the wing yields the wing 
pressure distribution (see (2.18)) which can be integrated to obtain 
Veirious aerodynamic quantities of interest. 

Formally, as aspect ratio tends to infinity, we consider two 
simplified asymptotic limits of the problem: the outer limit and the inner 

limit. The outer limit corresponds to holding the span fixed and letting 
the chord tend to zero, where the wing collapses to a loaded line. The 
inner limit corresponds to holding the chord fixed and letting the span 
tend to infinity, where the two-dimensional unsteady airfoil solution is 
emphasized. The outer and inner limits are both incomplete representations 
of the full problem, each lacking some essential features of the problem; 
the basic unsteady airfoil solution in the outer limit and. the 
three-dimensional effects in the inner limiti Matching the two expansions 
resolves this incompleteness. As mentioned earlier, however, this solution 
is not unique since multiples of eigensolutions with '34'/c)'£ •* O at the wing 
may be present. Uniqueness is achieved by determining the downwash by 
Integration of from far upstream to some point on the wing. 

2.? Oute r Solution for the Acceleration Potential 

Here, we seek an expansion for LjJ valid in the outer region (distances 
from the wing of the order of wing span, viz. 0(A°)) where the wing shrinks 
to a loaded line as A-^cx>. Formally, this is obtained fran (2.16) by 
expanding the kernel function IR, ^ in a Taylor Series for small $ and 
integrating across the chord. Using 

= R’'- + z <:«■''> + 

^2 > 


( Z . 19 ) 
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where 


R - £ 






y; = V - 1 


( Z. zoj 


we obtain the three-term outer expansion 


7 o 

(p (X) 


id_ Tl. 


4 cv; 


, - r ±121 dn 

4fr/» R- I 


9x^2 


r ."nm d n + 1 %— ['‘hii d n 

-b K 12. '7)^ R I 


-b K 
4- KOT 


} 


(2.21) 


w 

where ( ) indicates the outer region, HOT denotes higher order terms and 
CtV)/A 

Z)?C5.Y) ^ 0(A~‘) 

-CCYJ/A 

C(.V)/A 


?cy,-/ 


1+ (2,32) 


m(Y) = -J I A-f (i, y; cts ~ o(A'^) (7 U-zs) 


^<.y) 


• • 


-CtY)/A 

avVA 




-ccv;/A 


A? (S. V) ^ 0 (A'^) (T C 2 . 24 ) 


This outer expansion is in agreement with that of James (1975) who gives 
the first two terms of (2.21). 

The outer expansion, thus, consists of spanwise distributions of 
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tbree-dlmenslonal multlpoles along the loaded line. The first terms Is a 
distribution of dipoles of strength equal to section lift. The second term 
is a distribution of quadrupoles of strength equal to section moment about 
the mid chord (positive nose up). The higher order terms consist of 
distributions of higher order multipoles of strength equal to higher 
moments of section lift about the mid chord. Hence, retaining more terms 
renders the outer expansion an increasingly accurate representation of the 
full problem. The sign and order of magnitude of the strength of the first 
three terms are indicated in (2.22) - (2.24). 
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divergent integrals. This can be avoided by first integrating under the 
integral with respect to y and placing 'V^y in front of the Integral; an 
idea familiar from slender-body theory for related integrals (see Heaslet 
and Lomax (1953)). Repeated applications of this idea to (2.25) leads to 


^ o 




+ Jc9 Wo -H 4 Xo^ ) J 


+ % lys J Vo 






+ 




v>-^+ Vo^ }^i + 


We can now expand the integrals. First, we break up each integral 
into three parts. 

b >-« y-bc b 

’■-I -J. +/ 


■= X, + X ^ -b X 


y-€ 


V+€ 


C2.2^j 


where 6 > 0 is a small neighborhood of y s ^ . In I j and we expand the 
kernels for r-^ 0 With e fixed, noting that > 0 for the former and 
Vp < 0 for the latter. In 1^^, we expand the integrand for £->-0 with r 
fixed. In each case we find 
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-- OC€) 


C2. 2 8) 


which vanishes as 6-^Q. Next, we combine Ij and fo** ®ach of the 

integrals in (2.26), let €-*-0, take the indicated derivatives and 
introduce the magnified (inner) variables 


iZ.23) 


A 

X = 

Ax = r cos © 

A 


z = 

A-g. ^ r sin © 

r = 

A r* = A \/ X ^ 


to obtain the inner expansion of the three- term outer expansion. 
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b 

b 


y-nl S3n (y-n) ^r\ 
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A^mcy) 
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I ^ — 2 


m 


(Y) Sin 26 4- 0( A-'^ m ) 
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1 ««''''/ X S\n 0 — S»n 30 

A ^ (y) 

8 r 


4- O (A~‘ % ) 




o 

a 

<0 

o 

o 




+ HOT 1 


A-4-oo r/^OCA®) 


(Z.30) 


where C )’ denotes derivative with respect to the indicated argxunent. 

Here, the terms denoted by "dipole" are the inner expansion of the 
first term of the outer expansion, (2.21). As r-^0, the spanwise 
distribution of three-dimensional dipoles reduces to a two-dimensional 
dipole plus additional terms of higher order which represent the 
three-dimensional correction. A similar explanation applies to the terms 
denoted by "quadrupole" and "octapole". 

Van Holten (1975) > using the method of separation of variables, has 
solved the outer problem for a rigid rectangular wing in steady flow and 
obtained the dipole and the quadropole expansions, as in (2.30), but the 
corresponding result for the oscillating rigid wing is not given. The two 
expansions are in overall agreonent, though detailed correlation of the 
corresponding coefficients is not feasible. James (1975) has also obtained 
the first term of the dipole and the quadrupole expansions as well as the 
order of magnitude of the higher order terms. Except for a missing factor 
of A, his result is in agreement with (2.30) (apparently a misprint). 


2.4 . Inner Solution and Eigensolutions for the Acceleration Potential 

The inner region is that part of the flow field where distances frcan 
the wing are of the order .of the chord, i.e., 0(A .*). As A->«», the chord 
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and, hence, the inner region become vanishingly small. In order to study 
the details of the flow near the wing, we magnify the variables in the 
cross-sectional plane of the wing so that the two-dimensional (airfoil) 
character of the flow is emphasized. Thus, 


X = AX 

A 

y - V 



ca.3 I ) 


The characteristic length scale in the inner region is the magnified semi 
chord c(y). 

In the boundary value problem at hand, time enters in through the 
boundary condition at the wing. In the Laplace equation and the remaining 
boundary conditions, it appears only as a parameter. In terms of the inner 
variables, the wing boundary condition becomes 

C2.3;^) 

1X\4C(V) £ = 0± 

where h = Ah and ( denotes the inner region. Ih (2.32), we may think of 
At as a stretched time 

i. =r At (2.33) 

This is strictly for mathematical convenience and does not change the 
solution. 

In the inner region, we further assume that the acceleration potential 
may be expanded in an asymptotic series in inverse aspect ratio of the form 
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+A‘‘ifi3A lp,'c^AV 

+ A"'^i (X A) <2.34^ 

+ A'^ C“^A ) + * • • A 03 

A 

where X = (x,y,z). Since in invlscld flows physical quantities are 
Independent of scale (see, e;g. , Ashley and Landahl (1965) i pp< 5-7), the 
first term of the expansion Is 0 (a‘*). James (1975) assumed an expansion 
whose leading term is 0(A“’ ) which is incorrect. This is, however, 

,l,oc 

balanced by the missing factor of A in his t hence the structure of 

his solution is not affected. We have included logarithmic terms in (2.34) 

111 ®** 

because of the anticipated matching to. T i (2.30), which contains a 
logarithmic term. Another source of logarithmic terms in the inner 
solution is the low-reduced-frequency expansion of Theodorsen's function 
discussed later in this section. Matching will show, however, that the 
0(A ' log A ) term in (2.34) is not needed. 

Introducing (2.31) - (2.34) into the full problem, (2.10) - (2.15), we 
obtain a series of simplified problems for the . The lowest order inner 
solution 4^^ satisfies the following boundary value problem. 




(Z.35) 
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X = ccv) lYl ^ w 4 =.o 

A 

r — ^ CO 

where the subscript ( indicates a two-dimensional Laplacian. The main 

simplification here is in the reduction of the three-dimensional Laplace ' 

equation to a two-dimensional one. We have assigned edl of the boundary 

* * 

condition at the wing Wq to . It can be shown that this does not 

affect the complete inner solution . The reason for this choice is that 

I t 

it makes the lowest order inner solution the exact two-dimensional , 

unsteady airfoil solution which is the dominant feature of the inner 
solutioni 

The loss of the boundary condition at infinity is due to the 
stretching of the variables and implies the presence of certain 

elgensolutions in the solution. Hence, consists of multiples of . these 
elgensolutions, and multiples of elgensolutions with o at 

the wing. The elgensolutions will be determined later in this section. 

The boundary value problem governing tp*", ^ and ^ is: 

\V1 ^ - o± 

Z-O CZ.36) 

lyi $ b £ =o 

) 


A 2 , ^ A 


Vk t U,tv = o 
■34J (.xA) 




= o ix\ ^ c.<^y) 


= o »x\ > civ) 
1.4'(x, t)i < =o )^ = ciy) 


ipiTA) ? 


A 

r 


14'A’^Ah < ® 

-V? 


oo 
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The solution of this homogenous boundary value problem consists of 
elgensolutlons alone. 

^^Is the solution of the boundary value problem; 

.i.t A 


^2* , C .CLx ^ ' J\*“ I L . A 

‘H. t u.i) 

C?, fc) _ ^ ^ 

^ E 


ivi^b i = o± 


4^4 C X ^ t ) -O lx 1 > C^Y) 


A 

^ o 


(Z.ST-) 


x^ccy) 'VUfa a = 


,1. ^ A 

^ ^ V t ) -^ ? 


A 

r 


QO 


The solution of (2.37) consists of a homogeneous solution, a particular 
solution £uid elgensolutlons of the Laplace equation, t-jj^ enters Into the 
solution to determine higher order three-dimensional effects. 


Wu»s Onsteadv Airfoil Theory 

To determine the solution of (2.35), we note that with the additional 
boundary condition 

, 1, L iL. 

4-'^ (X , t) o r oo 

4*q Is the solution of a classical two-dimensional boundary value problem. 
Wu (1971a) has obtained the general solution of this problem which Is valid 
throughout the flow field. For steady-state harmonic oscillations and In 
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terms of the Inner variables, his solution, for arbitraiv shapes emd 
motions of the wing sections, is given by , 

O At A A 

n Vi (Ori V 4-^ a 

(z.se') 




If(x,y,t) = UA„(.y, h +4’,u.y,t) u.3aa) 


A 

X 


q>,tJ.y.t) =-(^ Wo‘ci,y,t)cis 

— c 


"U’Ao Cv,i) = t) 


ixl ^ ccvj 

(Z.38b) 




CZ.38 c) 


a„cy,t) = Vy,t) - [b<,Cy,fc) +b|ty,t)] CCM u.aaci) 


W»' u,y,t) = V, t) 


CO 


— Y CVyt) 4- t.2.38e) 


rAs I 


T . 


^nat) = ^ I Wo^X/Y/tj CoS ne ,<iQ n=o,\, 2 .-.^ 


CZ.3&C ) 


6 a a 

Here, f (J. ,y,t) is the complex acceleration potential with respect to the 
inner variables defined as 



where (T*' ia the conjugate harmonic function of 4^*" and i is the spatial 
complex unit (note, ij i -1). Further, 


J = X + 1. £ 

X = ccy) cos e 


(2. 40) 


and k is the reduced frequency based on the local semi chord, namely 


i<(y) 


UJ CCV) 

V A 


0(A-' ) 


cz. 41 ) 


In (2.38d), (C(k) is Theodorsen’s function defined as 

(QCk) = F(lc-) -f-j (q(.jc) ■= — — (Z.4Z.) 

H. (M i-'i (M 

u) 

where is the Hankel function of the second kind of order n defined as 

= Jnti) ^ j Y„(Z.) <^-43) 

and are Bessel functions of the first and second kind of order n 
respectively. It follows from (2,42) and (2.43) that 


FCM 


J| C3,+V.) -i-v, (V,- !„'> 

+ + (.Y, - X)^ 

~(.Y,Yo + X 

(3, + Y,)^ + ( Y,- X )^ 


( 2 . 44 ) 


where the argument of all Bessel functions is k. (C Oc) is plotted as a 
complex vector in Figure 2.4. 
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Wu's solution yields the acceleration potential throughout the flow 
field as is needed for the present MAE analysis. Wu's solution Is also 
unique having been forinulated directly In terms of the downwash at the wing 
instead of the vertical acceleration /c)^ . 

Calculation of the pressure field from (2.38) for most wing 
displacements of interest requires evaluation of integrals of the form 


[-ffj 


i/2. s’' 


'N A 

t - I 




n = o),z, ^ 


(Z.A5) 


The first five members of this family are evaluated and listed in part 1 of 
Appendix A. 

Using Wu's method, the exact two-dimensional unsteady airfoil solution 
^20 determined. For later use, we list here the acceleration potential 
in complex fprm. 


/it* .A 


-c ^ B,ev) [- 


3^ -h ( + cs -t- ^ ) X] 


+ V ] 


-f- B 2 X — I 



where 


= 01 ^ C i, V)] 


a) 


U-4C W) 


denotes the real part of a complex quantity with respect to 1 and 

*/2 

- I 
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)\ 


= [ 4 ^] 


(Z.AV 
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Bzw = - ^■' *^°‘] 

63 CV) = (L-^-zJklo^ 

m 

where 

t» _ JiL Co 

" u X 


(2- 4a) 

(2.4*=!) 

C2.5o) 

(2vsn 


is the reduced frequency based on the the root semi chord c^/A. 
order inner solution is then given by 

CX ) — eigensolutions 

Eigensolutions of the Acceleration Potential 

Next, we determine the eigensolutions of the inner solution. These 
satisfy the homogeneous problem defined in (2.36). We consider two cases. 

I iL A A 

First, we assume r-^oo. The solution of this problem can be 

obtained using Wu's method. However, first we must express the boundary 

A 

condition at the wing 7>^>/o'^-o in terms of downwash. This can be done by 
inverting the z-component of the linearized Euler equation 


The lowest 
C2.5zy 




l)t 



(2.53) 


written for convenience in terms of the inner variables. The downwash at 
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the wing Is given by 


A 

X 


W*" (x^ViO±) ^ 


I n. p 'T'a juj(5-X)A 

± J? 

^ i-> 0 ± ioc 


IXl ^ CCV) 1714b 


(2.S4) 


where uj = w/u. Using —O on the wing, this becomes 


Wo (X,7,C±,t) = W 3 ( 7 ) e 


/N< 


• - ~\ - t. A-> 

-J ui X A j tu t A 


\Xl<.CCV) iVl^b CZ.55) 


where 

J- 

1 r ^ 

^ 2 : -^o :i: 

Physically, the above result indicates that, in the presence of a 
harmonically oscillating wing, a fluid particle traveling from far upstream 
attains a sinusoidal downwash velocity of varying amplitude (a convecting 

A. 

gust). Since for the present eigensolution -o at the wing, the 

complex amplitude of the sinusoidal gust W^(y) is constant across the 
chord, although it varies with y. Therefore, one eigensolution is 
essentially the solution to the Sears problem: the interaction of a 

convecting sinusoidal gust of constant amplitude with an airfoil.- 

Using ( 2 . 55 ), we can rewrite the boundary condition at the wing in 


W 3 CV) = 


•ccv) 


/X 


GO 


jC3%-A 

e 

7 ) 2 : 


A 


(Z.SG) 


terms of downwash as 
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. A _ 1 

~Ju)X A 


A 

jtJ t 

e 



\Xl^CCV) Wl^b ^ -0± (.2.S9-) 

Using Wu’s method, the’ solution of (2.36) with 0 as r->oo is 
determined. For later use, we present here the acceleration potential in 
complex form. 


Cl, V) = -c U W 3 t-V) St)t) CZ.58a) 


where 




i«x\rs 


L'S 




(2.5 8 b) 


^ is defined in (2.47) and S(k) is the Sears function defined as 

5(b) = j J.tk) + [ J„Ck) -i J, tlc)3 mu.) (Z.S9) 

S(k) is shown as a complex vector in Figure 2.5. (2.58a) is a 

generalization of Sear's original result (Sears (1941)) in that it gives 
the pressure throughout the flow field. 

In passing, we note that a similar analysis yields the eigensolutlon 
for the steady case as a flat plate at an angle of attack. This result can 
also be obtained from (2.58a) in the limit of steady flow (lo-^O). 

In addition to $ ®^® ^ infinite number of eigensolutions 

which satisfy (2.36) but do not vanish at infinity. They can be found by 


inspection as 
X ^ iu 

1 (X) 


= 'P" 


% (X ) 


20, KtevVC 
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^x) + Cw/A)^ £ 


W,|..t-cK tX)+CWKi -Zj -^Z 


Cz.Go) 
(2. eo 
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The first member of this family, (2.60), consists of the pressure field of 
an airfoil in heaving motion of unit amplitude and the pressure field 
necessary to cancel out the resulting vertical acceleration at the airfoil 

A 

so that The second eigensolution, (2.61), consists of the 

pressure field of an airfoil in pitching motion of unit arplltude and the 
pressure field necessary to cancel out the resulting vertical acceleration 
at the airfoil. The other eigensolutions involve oscillating airfoils with 
chordwise bending. In each eigensolution, while the airfoil term vanishes 
at infinity, the remaining terms do not. As we will see, in the present 
theory to obtain the leading three-dimensional corrections, *5 Seay's 

required. The other eigensolutions enter in at higher orders. 

Expansion of Inner Solution for Small Reduced Frecuencv 

In the present model, since the wing chord c(y)/A a/ o(A“* ) (see 
Figures 2.3a and 2.3b), the reduced frequency based on the chord 
k(y) = (‘^/U)c(y)/A is also 0(A”*). Hence, k-*"0 as A->oo. Therefore, we 
must expand all elements of the inner solution for small k. These contain 
Theodorsen’s function which we expand first. 


i i-jk % (r,k/2) - I ^ + 0(k"-ic/k) 

£{.lc) i-V [j -j ^ 

-t- OCA"^ (.2.63) 


where log = Y = .57721 ... is the Euler constant and n? (y) =u;c(y)/U is 
the reduced frequency based on the magnified semi chord c(y). The 


42 


expansion in (2.63) displays the aspect ratio dependencies explicitly. 

The expansion of for small k Is obtained from (2.46b) using 

(2.63). 

i-A~‘^20 3 +0(A'^io3^A) <'2.64) 


where 


+;,,rx) = -u^« 

g. [X] 


= ~J^ c; ^ f {[l«3 + j 1 ] ^ + % } 


U.640.) 

(2.64b) 


• [>] + ^ [- J +V^ ]\ <2.64cJ 

are all 0(A® ) quantities. We note that the A”'log A term in (2.64) 
originates In the expansion of Theodorsen's function as mentioned earlier, 
denotes the imaginary part of a complex quantity with respect to 1. 

We will see shortly that there is no need to expand for small 

k. The expansions for the other elgensolutlons are readily obtained from 
the above expansion for 4''2D * Setting « = 0 and h^^ = 1 in (2.64) - 

(2.64c), we obtain the expansion for he«;ve. leads to 

„ (U3/A)^S -A*' jwU S^C O.SS) 


Similarly, setting c/, = 1 and h = 0 in (2.64) - (2.64c), we obtain the 


expasion for 


and, hence. 
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iff i -U^ [\] 

+ A"' -ty A j V U ^ Sc [ X ] 

( 2 . 

-A"'jVU^ [[■<3(V/l)+j|-] Sc W 

+ % 5'c C-^ + v/ ?^-c’ + 0(A'2-<«/A') 

Similar expansions can be obtained for the remaining elgensolutions. 


(2. 66) 


The inner expansion, thus, becomes 


( 7 ) - U ) + A ‘ A , (.K ) 


A- A ' U ) A- 0 (A'^^g^A) 


( 2 . 67 ) 


Each element of this expansion contains all possible elgensolutions, l.e., 


) = ^2D,n + Pn >■'') <.5) 


+ -fn^W) } + 3nt'<) 4^, +• • • 


(2. 68) 


A= '>2.^ 3^ . • • 

where the as-yet-unknown functions , f^, g^, ... are the respective 

weighting functions for the elgensolutions present in . These will be 

determined by matching the acceleration potential in the field and the 
downwash at the wing. Without loss of generality, we assume that , f^. 


g , . . . are 0(A ) . Also, 




(2. 69) 


where we have absorbed the terms multiplying [ A ] in $ ’ (2.58b)., 

into the unknown function F^(y). Hence, there is no need to expand $ Sc^rs 


*J> 
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for small k since is independent of k. 


Outer Expansion of Inner Expansion 

In the next section, for the purpose of matching, we will need the 
outer expansion of the inner expansion, l.e., an expansion for (2.67) as 
-yoo or, equivalently, an expansion for A-yoo with r = r/A = 0(A*). This 
can be done using the following expansions (written in terms of the outer 
variables). 

~(|) SIS - ±(|f 

(0-. ?-o) 

L- J 51 ^ + OIB-*) U.?|) 

Using (2.70) and (2.71), the outer expansion of (2.64a) - (2.64c) is 

found to be 
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+TrPU^j'v’ { [ ^(V/2 ) +Jt ] *+ %) 

+ 0^A"®') } (Z.74) 

, c 

The outer expansion of is given by (2.70). The outer expansion of 

the other eigensolutions are obtained from (2.65) and (2.66) using (2.70) 
and (2.71). Thus, 


C O /s I ■ 

^ ® liTp [-^iTPU^jv 




+o(pT^ 




^ ^ ^ uj^r^ s>ivv zQ — U 'f' © 


iz.7-s) 


+ jf-^ [-irr/’uNf) + 0(a-^3] 

This completes the inner expansion and its outer expansion. The 

,l,to 

result of James (1975) for is basically correct, except it lacks the 

eigensolutions, it has not been expanded for k— >• 0 and has an extra factor 

-1 ili^° 

of A . Van Holten (1975) does not give an expression for ’r . In the 
next section, the inner and outer solutions for the acceleration potential 
are matched. 


2u3 MalLchlng 

As mentioned earlier, the inner and outer solutions are incomplete 
representations of the full problem, each lacking some essential features. 
The inner solution is incomplete since it lacks the boundary condition at 
infinity which gives rise to eigensolutions, the amount of which are still 
unknown. The outer solution is also incomplete in that it lacks the 
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boundary conditions at the wing. As a result, the load distribution in the 
outer solution is unknown (AP or the strength of the multipoles, l.e., 1, 

Qf •••)• 

The solution is completed (except for determining the amount of sane 
of the elgensolutions) by matching the inner and outer solutions for the 
acceleration potential. The amount of the remaining elgensolutions is 
determined when the downwash at the wing is matched. Here, we employ the 
asymptotic matching principle of Van Dyke (1975). For the sake of brevity, 
we employ the notation: 

X 1 m-term inner expansion 

9^ I n-term outer expansion 


The asymptotic matching principle then reads 

m X ( n 96 ) ^ n ^ (m I ) 

We now summarize a step-by-step application of the matching principle 
to the present problem. The matching order is depicted schematically in 
Figure 2.6. We will use the outer expansion (2.21); the Inner expansion of 
the outer expansion (2.30); the inner expansion (2.67) and (2.68); and the 
outer expansion of the inner expansion (2.70) - (2.76). The inner and 
outer expansions must be matched with respect to the same spatial 
variables. 




-L f ^ 

4(TP "3^ R 



( 2 . 1 - 8 ) 
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i and T- are given in (2.75) and (2.76). etching (2.79) and 

* 2f 

(2.81 ) , we obtain 

icy) -.arrAO^ C^] oc -i - zttp (f > F,cv) 


Cc 
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-f, (V) = 3i tY) = 


. . . o 


(^.83) 


Thus, to leading order, the solution contains no eigensolutions, except 
possibly • Section lift consists of the two-dimensional 
quasi-steady value plus a possible contribution from • 

Matching, m = 1 . n = 2 

2^ : 


CX) 




I 
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11 ( 2 ^): 


'o<- 


sirt e 




-A^-Cy) 


II: 


2 ^( 11 ): 

+ [iTPU^oi - 'np F, u)'K A')^ 


(2.84.) 


(2.&S) 


{2.B&} 


(2.8» 


Matching (2.85) and (2.87) f we obtain 


^i.V)= -^n.^U^ (f lot. iTTP|%yF,CY) 


(2.88) 


m 


(V) = -wpu"- ^If oc +TT/> Cf r RW) 


C \2. 


CZ.83) 


At this stage, section lift and moment have their two-dimensional 
<iuasi-steady value plus possible contributions from • 

Matching, m = n = 2 


2 ^: 


t) 7 . 


$°(X) ^ S ^ r iM dn 

^ 4(rp ^8 J, R_ " 


-b 
b ^ 


(Z.90) 


. aL f drn 
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d) (?).-L 


A^tV) 


-A w(Y) — ? 


~ C,, +F.IV) 


• 7 * A 


S^rs ^ ^ ) 

A-l 


(z.ei) 


4- A io 3 A 0 ^ 2 , ex ) 4- A ‘ ex) (2.3:2) 


$''°t x) ~ ^ I ['SIT pU?(+ snP R(V)](.^) 5^^!^ 

+ [iTPU'^oi..- irp F, (.'V)} S!2^ I 

+ A-' -*03 A ^ [LanPU^j'Vi^ + 2F P F^ CV)] 0) 

+ sitP -f, ‘V) i'°(.x) + aFP3^(y) (?) + - 


+ A"'-!- ( -2FPU^jy 
2FP I 




+-2TTp-f^(V) $" (X V+^^/’^aCV; eX ) 4 J (2.93) 


Matching (2.91) arid (2.93) » we obtain 
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^TTp(f) F,cv) 

+ A"'4o^ A [aiTPU^ ^ 2 . <-V)^ 

-^A"‘ I -arrPU^jv |[^-^0j(Y,V/2.).-hjX -^^OL 


+ ^](f) + ^'^^(f)p3tV)V (2-94) 

= -UpU^(%)^oC -4- np(^)^ F, C7) ip~-^S) 

-i-jZ.(-Y) - “ ' ' ' ” ^ (2.96) 

-fsCV) ~ Sa^Y) = (2.*^^) 


—2 \i ^ 

Thus, we find that to 0 (A ) only the sears eigensolution Tsears 

present in the solution. Furthermore, while section moment remains the 

same as in the previous level of matching (see (2.89)), section lift is 

further refined with two-dimensional unsteady information plus a possible 

contribution from 4 ^ 5^,5 . We will see in the next section that the latter 

represents the three-dimensional unsteady correction. 





-Gl 


21(3^ ): 
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oc 




_;C\-Z- mtv) 


+ A’iCY) 5!^ 


36 7 
^3 r 

r J 




ti.99) 


21 : 






+ A-' J„3 A [v 2 ) + Pz 


(V) '+'.‘ 


3«e\ri 


Cx 


+ A-' (X) + p, W) '$ (X )] (;!.loo) 


30(21) 


LO ^ 


H- cx)~2L|[-2it/>u"»< + 2 TrAF,(Y)](|) 


0 


-\.j^TTPU'^<x -'H-p F, (Y)^ 


c\2- siA ae 


^.[_TT/>U^=^ +TT .<’ F,(Y)1 

+ A-' -toj A '^2 (-s) ^ 

- [ir A U^ j V « + IT P F^ (Y>1 

-i-A"' j -2 itAU^ jV +J I. +'] °^ 


+trAU'^i'^ ^ \^4g(«,V/z) +j4]x+ ^]( a) 
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+ ^lTfF3(V)(f) 5^ -TrpF3W)Ctf 

(. 3 .,\ 0 {) 

Matching (2.99) and (2.101), we find that section lift is given by (2.94) 
and 

m(.Y) = -trP F|(.v) 

+ A''Jy fl +np{%)^ F^Cy)] 

+ A"' I -tifU^j T' I [ig (tv/z) +j4]“<+-^]- 

■ (j)^’+ "FF (-f J , (Z.io2) 

%Cy) = - + rrp F.i'j) 

(2.103) 

In this level of matching, we find that, while section lift remains 

the same as in the previous level, section moment is further refined with 

two-dimensional unsteady information plus a possible contribution from 

will see, in the next section, that the latter represent the 

three-dimensional unsteady correction. At this level, we also note the 

appearance of the second moment of section lift, namely q(y), which has its 

3 3 

two-dimensional quasi-steady value, namely -TT^U* c< , 

The next level of matching (m = n = 3) involves which is the 

solution of the Poisson equation in (2.37). The outer expansion of has 

the behavior r log r sin 0 , r sin 0 and sin 2© which will match with 

. oC 

higher-order terms of 4 J , (2.30). Further, at this level, for the first 
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time, the elgensolutlon , which also has the behavior r sin 9 in the 

outer region, may enter into the solution. However, for reasons we already 

mentioned, we will not carry out the analysis to higher orders. We will 

see in the next section that the present analysis through (m = 3, n = 2) 

level contains the leading three-dimensional correction. 

We can now construct a composite solution, namely one which is 

— 2 . 

uniformly valid (to 0(A )) throughout the flow field. Such a solution is 


given by 

^ ^ (jj'" _ Ip"® 


104) 



where 


= -2ir Pb^ (■!■) 


(z.ioa) 


is the two-dimensional quasi-steady section lift. Here, 4^ consists of a 

spanwise distribution of three-dimensional dipoles of strength ig(y) and 

to ^ 

^3'' is a two-dimensional dipole of strength -ig(y). Lp is chosen in 

i ® —Z 

such a way that it is equal to in the inner region to 0(A ) and it is 

% 

c ^2 

equal to in the outer region to 0(A ). 

Clearly, the problem is not complete yet since the solution as it 

I ^ 

stands is nonunique due to the presence of multiples of 4 ^ 3^,.5 as 
indicated by the as-yet-unknown weighting functions F, (y), F 2 (y) and Fj(y). 
In the next section, we will determine F, , F^ and F 3 and, thus, complete 
the solution to 0(A”^). 


2.6 Integration of Composite Pressure Field to Achieve Uniqueness 

To achieve uniqueness for the solution, we determine the downwash by 
Integrating the composite pressure field ^3 from far upstream to some 
point on the wing. 

The linearized Euler equation in the z-direction is given by 
Inverting this, we obtain the downwash. 


w ( X ) •= U 


j w (i-'jc) 


— 00 


(Z.iJO) 


where the linearized path of Integration is the straight line, parallel to 
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the x-axls, from far upstream to the point In question. For points on the 
wing, the path is defined as 

^ =. -CO ^ X \X\<CCV)/A 

V = -Tixecl lyi (z.nO 

o ± 


which passes over (or under) the leading edge where one might expect 
difficulty due to the singular behavior of pressure and downwash there. An 
examination of "3*^ I'b'i near the leading edge reveals that 






/NJ 


<31l 


T + C 



3 _ ciy; 


[z.wz) 


which is not integrable. 


Calculation of Downwash at the Wing Due to 4^ 

, ; C i 

First, We calculate the downwash due to 4^ , say W , which is obtained 
from (2.110), after replacing by 4^^ and introducing the inner 

variables. The difficulty at the leading edge can be resolved by 
considering the general case of z ^ 0. After expressing the integral in 
terms of complex variables, an integration by parts can be performed. This 
reduces the order of the leading^-edge singularity to -1/2 which is 
integrable. Then, we can take lim z-^0±. Since the downwash field is an 

rN A 

even function of z, it suffices to consider, lim z-^0+ only. 

Introducing the complex variable J = x + i z and the complex 
acceleration potential for namely f (5 ,y,t), (2.39), into (2.110), we 

A • 

obtain, for z f 0, 
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AJ C V —I 

w ( X ) = -u 




A A 


(JIA\4) 

where = f, + i z. Integrating by parts and noting that 

‘zo 


A <,* « t 

f (-<» + i z,y) = 0 (because both and (see below) vanish 


as r-»»), we obtain 


C ^ - —I ^ cl IL. 1 

w (X ) = -U (.5,7)] 


(,2:. \\s) 


^h± q 

UA 







-f tJ,.'/) e. 


'IS. 


. 

-CD+t ■£ 


where f has a square- root singularity at the leading edge which is 
integrable. Hence, we can take liin z-»- 0 + , resulting in 

.-I 


w"(x,'/,o+) [$ (x+ Co+/y)^ U.H6) 

+ y Sc 

\xUCtV) lYl$b 


— CO 


ju3(i-X) A'‘ . 


The above procedure is depicted schematically in Figure 2.7. 

c 

^ is the complex 
3<.c\ri 

form of 4^^ . is obtained from (2.58a) after removing the factor 

3<xws ^ScRY-y 

UW(y)S(k) which is absorbed into the function Fn^y^* expected, 
substituting f^p , (2.46a), in (2.116) yields the prescribed downwash at the 
wing, i.e.. 


To 0(/f^), 


L t r*- 

f consists of f^Q and 


Sear'i* 


where 
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= K Cx,v) \i\^CCY) iVl^b (2.11^) 

2D - 


In arriving at this result we have made use of some of the analytic 
properties of the functions [( 1 - c)/( *3 + c)]*^'^ and [3^- c^ which 
are listed in Table 2.1 below. Each of the functions has a branch cut 

A ^ 

from J s -c to 3 s c defined by 


0 ^ +C) < 2TT 


O i «rg (3 - c ) < ZK 


(2.. 118) 


Further, we have made use of the integrals developed in part 2 of Appendix 

A. 



1 

A 

5 - c 

A 

3 4-C . 

i/z 

J 



d 

Lirl-1 

Vz 

(! s/ c^ - x ^ 

IxUc i = o- 

-L 


'/Z 

-t 

A ^ 

X <-c i = o 


r x-c 
L + 

1^/2 

- V X ^ - c 2- 

A -N 

X >C ^ ~o 


r X -c " 

L X + C , 

j *'2. 

7 - 


Table 2.1. Some of the analytic properties of 3 — C)/( ^ i- C)^ 
and t 3'*'- 
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• t 

The downwash at the wing due to » say , is obtained froa 

(2.58a) and (2.116), using some of the above mentioned integrals and Table 

2 . 1 . 


W 




• — A 

-Jtu X A 


[Hf’ck) +J 


(2.11*=!) 

Clearly, the downwash at the wing due to is that in (2.57). 

5««»r5 

Putting the above results for in (2.110), for points on the wing, 
and setting the computed downwash equal to the prescribed value Wg , we 
obtain the following equation for F, ,F 2 and F^. 



7) = 


+ k € 

^ Z\J 


-JU)X 




-f- Am r w‘’cx,v, Zr) - VV°‘'(.X,Y, ■£)][ 

S- -^0+ 

iX\^c.CY)/A IViit 


CZ.120) 


where 


— J lU X ^ g 
e W <-X 


,r,<=,. ,jEcs-x) 


-'ds 

— oo 


(2.12 i ) 


— ju:x A, oc ITT) .T'Ot JcoC^— X) . 

e W = j CS.^a) e M ^Z-I2Z) 

— 00 
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are the downwash velocities due to the outer and conunon solutions 

respectively. They are grouped together, in (2.120), because, as we will 

see below, while each of them is singular as Z'^0, their difference is 

c 

finite. Further, in (2.120), we note that the downwash due to 
identically cancels out with the prescribed value at the wing. This 
demonstrates the advantage of assigning all of the wing boundary condition 
to the lowest order inner solution 4*o which makes s *4^2D 

(2.35)) and of replacing the two-term expansion of 4^20^’^ 
(see(2.105)). 

We now consider the balance of the two remaining terms in (2.120). 
After cancelling out the common sinusoidal dependence on x, we conclude 
that, since the first term is independent of x, the second term must be 
independent of x too. Hence, we need to evaluate the second term for one 
value of X only.- It is convenient to choose x = 0. W (0,y,z) is then the 

. I 0 

downwash- due to T near the loaded line which consists of a spanwise 

distribution of three-dimensional dipoles of strength l(j(y) (see (2.106)). 

,0c 

Similarly, W (0,y,z) is the downwash due to V near the two-dimensional 
dipole of strength lg(y). Clearly, both downwash velocities are singular 
for X = 0 and z = 0. Hence, we seek an expansion for each, for x = 0 and 
small positive z. In each case, lim x->0 must be carried out before lim 
z-*- 0, otherwise infinite downwash velocities will be encountered. 
Physically, this can be seen by considering the downwash, as a concentrated 
vortex, say at the origin, is approached along the z- or alternately the 
x-axes. 

In order to be consistent, first we expand the Hankel functions in 
(2.120) for A-*- CO (or k-^0). Using the definition of Hankel function of 


60 


the second kind (see (2.43)) and the asymptotic expansions for Bessel 
fiinctlons of the first and second kind of order zero and one for small 
arguments, It can be shown that 

j-j| k[H“’(.M+j ~ 1+ 0 (A-'Jo 3 A) (z-izs) 

Using this result, (2.120) becomes 

P7(V)+ U 

2—>o + 

(^W°Co, - W®\o, V, (2.I24) 

/VQ 

To determine E , F and F_ , It only renalns to deteralne 11m [W (0,y,z) 
W*’*'(0,y,z)] . 


Calculatio n of W°(0.y.z.t) as z-» 04 

Substituting ijJ*’ , (2.106), In (2.121) with x = 0 and Interchanging the 
order of Integration, we obtain 


W%o,v/^) 


J 

4n-AL/ 




Jv. 

(2.i2S) 


We recognize the expression in the braces as the three-dimensional, 
nonplanar (z ^ 0) unsteady kernel function of lifting-surface theory In 
incompressible flow for x^, = 0. The general form of the kernel function is 

j w 


K30 


-jwX, f 


:^cr, \/FTy?+i^ 




(jL.iZG) 

with the corresponding integral equation of unsteady lifting-surface theory 


given by 
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Wo (x,Y, o±) 


where 


J 




'a 


Cxo,Vo,^)d%c^'^ 

C;^.(2?■') 


Xo = X- ^ 

Vo = v-^ 


C2 .12 s') 


To evaluate the kernel function of (2.125) » we start with the general 
form in (2.126). K^^can be evaluated in terms of special functions. For 
example, see Widnall (1964) for z 4 0 and Watkins, Runyan and Woolston 
(1955) for z = 0. The latter contains many useful integrals and relations 
for the evaluation of the kernel function. The full nonplanar K^^is given 
by 


Kja (Xo,v., 2 ) =--^ 


'-t 

-^1 

- + 

5^ 5 
1 

K2 Cu 3 r,)-j£ 


+ i 

w r, 


Z r - — i ui \ 

r xe 

3 

ui r, 

r r.^ 1 n slW^r,^ 


julXo ^ -7 

- 1 + ^ J -M 

'<■1 + j I n J 


j ujX 


ax 


+ r, 


2 


< — . Z J W Xa 

J toXa e 

v/ n'^ + Xo^ 


+ 


2 . %v 

(.zrA+Xo ) Ao e 


,rA CXo'^-i- r, ) 


Z \3/Z 


(2.12^) 


where I^, and are modified Bessel functions of the first and second 
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kind of order n and modified Struve function of order n respectively and 
For = 0, (2.129) reduces to 

K30 (o,Yo,a) = ^ K, Cur,) +jl £x,(wr,')-L, Cujr,)]-j^ 

- Kj CCn) -j 1 [1 Cw r, ) - L 2 (u r, )}). i Qj.ig, ^ 

In order to understand the nature of the singularities Involved In 
(2.125)f we note that, fhom the vortex viewpoint, the outer solution 
consists of a loaded line which Is a harmonically oscillating concentrated 
vortex with the accompanying wake of . shed and trailing vorticity. As in 
the steady flow case, we expect the contribution of the trailing vorticity 
to the downwash at the loaded line (x = 0, z-*>0+) to be finite. This 
contribution can be expressed as an . integral with a second order 
singularity in the span direction (or after an integration by parts, a 
Cauchy singularity). The contribution of the straight loaded line is 
clearly zero. The contribution of the shed vorticity is logarithmically 
infinite; an idea familiar from lifting surface theory, namely that the 
downwash at the edge of a vortex sheet, containing vorticity parallel to 
the edge and of finite strength, contains a logarithmic singularity. 

Formally, we substitute (2.131) into (2.125) and, by inspection, group 
the terms in the kernel so as to identify the above mentioned logarithmic 
term emd the classical second order singularity of wing theory. Let, 

Vj‘’(o,V,2r) = W,'' (o,V, 2r) + ^2 

-+-W^ (o, y^^) + V\/ Co,Vy2:) 


(Z. I3Z] 
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where 

W J = -j 

‘ 4n-pu 


b ^ 

I ^-'l) [-j ^ +j 1 C2.i33) 






(2.. 134) 






+ «L^ r l,CCr.)-L^^wr^) 


C2,.i35) 


J" ‘'t ^'1’ 


^rrpu 


w", (2«133), contains the logarithmic term which can be isolated using 
the following procedure familiar from slender-body theory (see, e.g., 
Ashley and Landahl (1965), pp. 102-103)* We note that the logarithmic term 
arises from the term (-j"/r, ) in the kernel of the Integral in (2.133) . 


w° V r ^o<n)Y» . J 

‘ ”4[TPU ib [v/ + 




_L2 

="+£'r'^ 


(,2-. 13?) 
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It can be shown that the last term here can be approximated as 


^ r‘’ 


(2J38) 






d»| -j- 


where the last Integral has a removable singularity at y =q . The first 
term on the right hand side of (2.137) can be Integrated and expanded for 
small z, to obtain 
b 




•b J ( 2 . 13 ^) 

+ Xoj 4 [|-(Y/b)^] -t-o 


Combining the above results, we obtain an expansion for W, for small z. 

VV“ (0^2:) = 4(y)j-2-Z ^ C2/b) + 4 [ 1 - (V/b)^] \ 

4itPU L J 

- r JaillllAilL dti ^ 0 ( 2 ^ Xjq 2 :) U.i 4 o) 

4rrpu Ij-ql 


^0 


(2.I3H), contains the classical second order span singularity of 
wing theory. First we break down the integral into three parts. 

k Y-e ,7-f-e 

+ J + 

y-6 y+e 


k Y-e ,7-f-e 

/ - f J 

-b -b V- c 


( 2 .i 4 l ) 


where € >0 denotes a small neighborhood of the singularity at y = q . In 
the integral containing the singularity, we introduce the expansions 

(<\ (^; ^ 2"' + o (2:^^ 2-) 3r-^o (z,/4Z) 
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^ 1 o (Z.I43) 

h^V''^ 21 <-Y) + C‘i-y)/o <Y) + X (2.144) 

and the change of variables 

■3=n-y 

Then, we integrate term by term and take lim z->*0+, to obtain 

- -| ^Y) + 0C6) U-‘4s; 

Clearly, the first term here is the contribution of the first term in 
(2.14M). The second term of (2.144) makes no contribution and the 
contribution of the higher-order terms is 0( €) which vanishes as 6-^0. 

As 2 -»■ 0+ and €-^0, we recognize (2.145) together with the remaining 
two nonsingular integrals in (2.141) as the definition of the principle 
value of an integral with a second order singularity given, e. g. , by 
Mangier (1951), namely 



-(2/e) F(V)J {Z.\46) 


In (2.134), since the contribution of the part of the kernel 
containing to the integral is 0(z ), as z 0+, it vanishes every^ere 

except near the singularity, where it together with the rest of the kernel 
gives rise to (2.145). Therefore, we may drop the part of the kernel 
containing and put an x on the integral sign to signify the principle 
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ajO 

value defined in (2.146). W^, then, becomes 

= I ^ °‘V+ 0''"') 

(2. 14?-; 

where 

^ = CO 1 v-ni t2*i4a; 

-i 

and we have written the Integrand so as to display the (y - ^ ) 
singularity explicitly. 

<«o 

Next, we consider W 3 , defined in (2.135). First, we break down the 
integral into three parts as in (2.141). In the integral containing 
•] = y , we expand the Integrand using the following asymptotic expansions 
for small armaments 

I, a) - /vj i ^ -I- 0(^^) 

C2:) -L -f 0 (2:^) (2,l5oj 

O 

to obtain the approximation 

J cjrj -i[rj) <2.ISI) 

i-e 

It is seen that the contribution of the part of the kernel containing 
I^ - L ^ to the integral is O(z^) every vrtiere and thus vanishes as z -> 0+. 
On the other hand, the contribution of the rest of the kernel is 0(1) and, 

AlO 

hence, they are retained. Wg then becomes 
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^ 4iTPij (v-n)^ ^ 


CZ. 15 Z) 


This integral is nonsingular. Here, we have written it in a form to be 
combined with V^, (2.147), later. 


W^, defined in (2.136), is given by 


*J0 1 

W. ^ — !— 

4 ^IT^U 




(Z.IS3) 


This integral appears in slender body theory where it is shown to be 
O(log z) as z~*0 (see, e.g., Ashley and Landahl (1965), pp. 102-103). 


Hence , 


W 4 (. 0 , 7 ^ 0 


(ZJ54) 


Combining the above results, we obtain the following expansion for 


(0,y,z) as z-^0+. 


/S/O \ 

VJ (0,7, Z) /o — 1 — 

4(T^U 




TT iv-nO 


4 ( 7 ) - 4 ty> 


_ jco r ^o^V- rc 

j/b IV- ni 


^]c 7 ) u/b) -f ^ ]] • 


IVI <• lo 


(^Z.lSSct) 


where 


Tf(^) = /* ^ X,(>*) i-jlEl.U-J-L.O-j]} (z.issW 
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The unsteady Induced downwash of James (1975) Is closely related to 


W . In the present notation, It is given by 

b /y 


AJ 

w 


( 0 , 1 , 0 +) 7t'(w |y-ni) Jn (Z.I56) 

X 4irpU 0 (V-D^ ‘ 

— b 


where 


■rr (^) = TT(>«)-j> 


(Z.IS?-) 


Thus, TT’ Is just the first term of the three-dimensional unsteady kernel 
function for s 0 (see (2. 131)). James does not show that the 

Integral In (2.156) is a principle value Integral as indicated. In fact, 
it Is not.. This Integral contains a nonrenovable logarithmic singularity 
discussed in the above (arising from (-j/^) term in JT') and is, hence, 
infinite. 

Calculatio n of W°^(o.v.z.tV aa 

Substituting ,(2.107), in (2.122), with x = 0, and interchanging 
the order of integration, we obtain 


W 


ot 




1 

wu 


icy) 





'j 


We recognize the expression in the braces as the two-dimensional, nonplanar 
(z ;( 0) unsteady kernel function of airfoil theory in incompressible flow 


with Xg = 0. The general form of the kernel function is 


Kzb = e 


2. f 

2)^ J 


- CO 




2 . 


jOi>s 

e 


(2.15^1) 
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with the corresponding integral eqviation of unsteady airfoil theory given 
by 


(X ,0+) 


_1 

-?n-pu 


^ A-fCS) 
le 


■2—^0 + 



eXo, ■2:') ci % 

(Z.ISo) 


To evaluate the kernel function of (2.158), we start with the general 
form of the kernel in (2.159). Using partial fractions, K^pmay be written 
as 


(Xo,a) 




JujX 
■e 

>+jZr 



Ju) X 


X-J2 



(2.161) 


In the first integral, we make the substitution 


S = tu ("X 4-j -Z-) 


{ 2-igz) 


and, in the second. 


Ui CX-j'2:) 


Cz.16 3) 


to obtain 


K 20 


2r 


wCXo-)2) 
-t02: r -t 

-e J 


olsj 

-CO — jui2 

To evaluate these integrals, we make a further substitution 

t=is /. 
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resulting In 

1^2 0 


U) (— i + j Xo ) 


A 

; -j^Xo -s r UJ 2 : ± 


dir 


-Ui (2-t-jco) 

w (^+iXo) 


-coi r 

- e 

J 




t'' di:^ 

M ~J“*) 

We evaluate these integrals by contour integration. For reasons mentioned 
earlier, we consider z > 0. is arbitrary. 

The contours for the evaluation of the first integral in (2.166), say 
I,, for > 0, Xg = 0 and < 0, are shown in Figure 2.8. In each case, 
the Integrals along C, , C^^and , in the indicated directions, are denoted 
by I| , and respectively. consists of a circular arc of radius R 
centered at the origin. According to the residue theory 




It can be shown that, as R->*oo , 1 3 vanishes, resulting in 


where 


I, - 


a = w (-i +i Xo) 




(Z. i^8) 




and El is the complex exponential integral defined as 

5 


cj) = J J± 


—CO 


(z.l?o) 


with a branch cut along the positive real axis. 
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The contours for the evaluation of the second Integral In (2.166), say 
J, , for Xg > 0, 0 and x^, < 0 are shown In Figure 2.9. The integrals 

along C, , Cg and C^, in the indicated directions, are denoted by J, , 

J^, Jg and respectively. and are circular arcs of radius R and 
correspondingly. Again, J3 vanishes as R-voo. In the following, we apply 
the residue theorem to each of the contours. 

i) Xo > 0 

J, — J 2 -t- 3s = ^rrj Res C-b=o) 


The residue of the simple pole at the origin is unity. Hence, 


3^ ZTTj + 3:2 

= 2.1TJ Ec ^^ 2 ) 


U.I=?-2) 


where 

^ =i to(2:+jXo) 

ii) X, = 0 

3 ^ - Je + 33 - =» ^TTJ R-c^i i--t = o) 

is one half the residue of the simple pole at the origin, lis P— ^0. 
Hence , 


3 , — TTj + 
= TTj -h 

iii) X < 0 
0 
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Hence , 




3, = = Ei 


(i.l7-«) 


The three cases In the above can be combined to obtain, for all x , 


3, = EC (%,) + 


(Z.I?-?') 


where the generalized function in the brackets is defined as 


lXo\ 


^ \ 0 


Xo >o 
Xo = o 




-I Xo <o 


Substituting I|, (2.168), and J, , (2.177), in (2.166) and Carrying out 
the indicated differentiation, we obtain 


()C,,S) = -Ip- + \ Ei (4.) 




This is the two-dimensional, nonplanar unsteady kernel function of airfoil 
theory. The first term of (2.179) is the steady two-dimensional kernel 
function. 

To find the limiting form of the kernel function indicated in (2.158), 
we use the following expansions. C2.n-i-i) 

E.C {\±]o) = EC T TTj + 2. ^ un-woi (2n-t->) 


n=o 
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oo 

EcC-Jn) = 'If + ^‘>3 V -t- L /(.’'• V 

■'=' (z..«l) 

where is the real part of the complex argument '$ . The first expansion 
is found in Erdelyi (1953) and the second in Grbbner and Hofreiter (1961). 

It is seen from (2.180) that EKqj,)* whose argument has a positive 
real part (z > 0), is discontinuous for x^= 0. However, in (2.179) » 
EKQj^) and the generalized function irj(1 +Xg/lXol)» which is also 
discontinuous for x^ = 0, together form a continuous function, which is 
what we expect on physical grounds. The limiting form of K 20 
(actually, x^-^ 0±) is obtained from (2.179) and (2.180) as 

Kzo ^ [Ec (-wa'i 

00 

■+ITj + 2 

n- o 

As z*>04, using (2.181), we obtain 

k^D ^ ^ T + (Z'I83) 

In order to check the above two-dimensional analysis, this result was also 
obtained from a vortex model. 

Substituting (2.183) into (2.158), we obtain the following expansion 
^oc 

for W (0,y,z) as z -»■ 0+. 

jui 4(y) ^ +j I. -f- (.w?:) ] H- OC2:) 

Physically, this represents the self-induced downwash just above (or below) 
a harmonically-oscillating two-dimensional pressure doublet, or a 


(uTs: 
(.2»l+i) I 


(,2n+t) 


( 2 . 182.) 





harmonically - oscillating two»dimensional vortex with the acconpanying wake 
of shed vortlclty. From the latter viewpoint, It Is evident that 

^OL 

W (0,y,z) Is entirely due to the unsteady wake and, hence, vanishes In the 
limit of steady flow, as seen from (2.184). The logarithmic term in z in 

A>(Jl 

W (0,y,z) Is due to the previously mentioned phenomena of approaching the 
edge of the shed vortex sheet. As expected, this singularity Is 

AJ O 

Identically equal to that In W (0,y,z). 

It follows from (2.155a) and (2.184) that, as z->-0+, [W**(0,y,z) - 

W (0,y,z)J is a finite quantity given by 


where 


rt ■ T- 'M O ot 

-<im W - W 

2-^0+ -* 


l> 

1 vl 


4rrPU (v-1)' 




I 

-j5 J 

-b 




13-11 

+ 2J w l(Y) I I -'Y- J -I -Ag J<o 
-J. iog 1 ~ 0(A“') 


(z.ias) 


y^c, = t 


(Z. 186) 


is the reduced frequency based on the semi span length b and TT( ^ly “ T I ) 
Is given by (2.155b). The order of magnitude of (2.185) follows directly 

— I 

from the fact that lo(y) 0(A ). 

Now, we return to (2.124) and, using the above results, determine F, , 
F^, and F^ . ’ Examining the order of magnitude of the terms in (2.124) and 
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recalling that the unkncfwn weighting functions are 0(A®) (by construction), 


1 conclude that 

F, (Y) ^0 

(2.18^) 


Fi (V) ^0 

(-Z.. 188) 

= UA 


(Z.IB 9 ) 


0+ 



We have thus determined the amount of the eigensolutions present in the 
solution and, hence, completed the MAE analysis of the unsteady 
lifting-line theory to 0(A ^) . 

In summary, we note that, to 0(A~^), the pressure field is given by 
(2.104) - (2.107) and section lift and moment are given by (2.94) and 
(2.102) respectively, with F, , and F^ given by (2.187) - (2.189). 

Further, we now list the results of the matching in symbolic form and 
indicate the order of magnitude ahd the type of each term, 
m g n = 1 

I (Y) AJ 0(A“‘) Cz.iSo) 


gL.= , 1 ,„jn =-£ 


-iCY) - OCA-') 




( 2 . 1^0 


ffl =■ n = 2 

^(.y) 0(A~‘) , log A) , 0(A~^) , 0(A"^) 

m W) ^ 0(A"^) 
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‘?(V) /'J QCA’^) 

where 

( ) : denotes two-dimensional quasi-steady information, 

( ) : denotes two-dimensional unsteady information and 

( ) ; denotes three-dimensional unsteady information. 

It is thus seen that, in the HAE analysis of the problem, section lift, 
moment,... as well as the pressure field first take on their 
two-din»nsional quasi-steady values. As the analysis is carried out to 
higher orders, they are increasingly refined with two- and 
three-dimensional unsteady information. 
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CHAPTER III 

CALCULATION OF AIRLOADS USING UNSTEADY 
LIFTING-LINE THEORY 

U Intco<iw<;tlQn 

In this chapter, we extend, Improve and apply the unsteady 
Ilf ting- line theory of Chapter II to a number of oscillating wing problems. 
First, we identify an unsteady Induced downwash, euialogous to that in 
steady lifting-line theory. The importance of the induced downwash lies in 
the fact that, in the present theory, it represents all of the 
three-dimensional unsteady effects. Then, an Improvement to the asymptotic 
results is presented which Increases the accuracy and extends the range of 
vedldity of the theory. 

As mentioned earlier, presently there are almost no reliable numerical 
results available for unsteady lifting-line theories. Here, for comparison 
we present the unsteady induced downwash of Relssner*s approximate unsteady 
lifting-surface theory (Reissner (1947)) which, although is based on an ad 
hoc analysis, has good experimental confirmation. Computational schemes 
for the calculation of the unsteady Induced downwash for both theories are 
presented in related appendices. Numerical examples show good agreement 
between the two theories for a range of values of , 

In order to assess the utility of the present theory, we then use it 
to calculate sectional and total lift and moment coefficients for a family 
of wing planforras in pitch and heave. The calculations are carried out for 
a range of reduced frequencies and for several aspect ratios. Whenever 
possible, the results are correlated with numerical lifting-surface 
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theories and Relssner's theory. The overall agreement Is found to be good. 
R.2 Unsteady Induced Downwash 

In order to determine the unsteady induced downwash of the present 
unsteady lifting-line theory, we return to (2.120) which states that the 
computed downwash from integration of the composite pressure field is equal 
to the prescribed downwash at the wing. The functions F, , ? ^ and are 

given in (2.187) - (2.189). The first term on the right hand side of 

(2.120) is the downwash at the wing due to the two-dimensional solution 
^20 which is exactly equal to the prescribed downwash and, hence, cancels 
out with the left hand side (the prescribed value). 

The third term on the right hand side of (2.120) is the downwash at 
the wing due to the outer solution minus the common solution. The second 
term is the downwash at the wing due to • Physically, 

represents the modification of the two-dimensional part of the inner 
solution which arises in response to the three-dimensional effects and 
cancels them out as seen in this equation. Therefore, the last term on the 
right hand side is just the unsteady Induced downwash. 

According to the discussion following (2.120), the balance of the last 
two terms on the right hand side of this equation leads us to the 
conclusion that the last term^ apart from the common sinusoidal dependence 
on X, is independent of x. Hence, in the last term, x can be set equal to 
any constant value on the wing (i.e., )x\ < c/A). For convenience, again 
we choose x = 0. This means that the upper limit of the integrals in 

(2.121) and (2.122) are set equal to zero. 

The induced downwash is then given by 
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• * A. 

WglV) UUav)/A IVl^b 

where (3.1) 

^ ^->o+ ^ 

is the complex amplitude of the Induced downwash given by (2.185). In 
(3.1), since x au 0(A*~'), to be consistent, we must expand the exponential 
factor in x for large aspect ratio. This can be done, after normalizing x 
with the root semi chord Co/A, to obtain 

/o 1+ O ( A-‘) C3.3) 

It follows from (3.1) - (3.3) that, to leading order, for the present 
low- frequency theory the unsteady Induced downwash, like its steady 
counterpart, is a constant across the chord and of 0 (a”*). V-^is given by 

Wi \XI^.CCV)/A \^\<h (3.4) 

Physical Internretation of Unsteady Induced Downwash . 

It follows from the above discussion and those following (2.122), 
(2.131) and (2.18M) that the unsteady induced downwash for a straight wing, 
placed in a uniform stream normal to the span, has the following physical 
interpretation. 

Again, we adopt the vortex viewpoint for its physical perspicuity. 
According to (3*^) and (3.2), to leading order, the unsteady induced, 
downwash at a spanwise station Q consists of the downwash due to vortex 
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system minus that due to vortex systan (^ » as shown in Figure 3,1. 

Vortex system is the outer solution consisting of a harmonically 
oscillating loaded line (vortex) of strength P(y) with its accompanying 
wake of shed and trailing vorticity (or, equivalently, a spanwise 
distribution "Of three-dimensional pressire doublets of strength lg(y)). 
Vortex system is the common solution which is a harmonically 

oscillating two-dimensional vortex of strength P (y) (or, equivalently, a 
two-dimensional pressure doublet of strength l^(y)). As we saw in Section 
2.6^ the downwash at Q due to both vortex systems is singular but their 
difference > which is the unsteady induced downwash, is finite. 

This also resolves the main error in the unsteady lifting-line theory 
of James (1975). As pointed out in Section 2.6, his Induced downwash is 
essentially W (0,y,0+) and likewise contains a logarithmic singularity in 
z. In the present theory, the induced downwash is determined a posteriori, 
being inferred from the solution. James, on the other hand, intuitively 
writes down an expression for the Induced downwash based on the outer 
solution alone and uses it as the means for connecting the inner and outer 


solutions. 

The physical interpretation of steady induced downwash is quite 

similar to the unsteady case in the above, except that the shed vorticity 

is absent from both vortex systems and (S) , as shown in Figure 3.2. 

As pointed out in Section 2.6, W (0,y,0+) is entirely due to the unsteady 

'*^01 

effects. Hence, in the steady case W (0,y,0+) — 0 and the induced 
downwash is entirely due to the trailing vorticity pf system which is a 
finite quantity. The above physical interpretation of (steady and 

unsteady) induced downwash was first given by Van Holten (1976). 

In passing, we note that, both in steady and unsteady flows, spanwise 
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sweep and/or curvature of the wing planform give rise to Important 
additional contributions to the induced downwash. For a brief discussion 
of these for incompressible flow, see Cheng (1975) . 

We now express the results of the unsteady lifting-line theory 
directly in terms of the induced downwash. Substituting (3.4) and (3.2) 
into (2.189) f we obtain 

Fj - u^'A [WjW) /u") C3.s_) 

A# . 

where W^(y)/U may be thought of as the unsteady induced angle of attack 
which varies harmonically with time. Using (3.5) and (2.69), the results 
of the unsteady lifting-line theory, to 0(A ), are given by 

[WilY)/U] Sc C^l 

■+^n-|OU^A (^1 [vixC'VU] V 

= -IVAU^ ( + A”' -toj a [jT AU^'j'l' 

+ A''[-FAu^j'y |[li3 + ] (a) 

A- ITPU'^A 

where log V, = Y = .57721 ... is the Euler constant. The outer solution tjJ® 
and the common solution are given by (2.106) and (2.107) respectively. 
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AzLlaPcoYfinant 

The present asymptotic analysis involves a number of exact solutions 
cuid functions which have been expanded for large aspect ratio or, 
alternately, small reduced frequency k. In each case, only the flrat few 
terms of the expansions have been retained in accordance with the ordering 
of the asymptotic analysis. As an example, we cite the expansion of the 
exact two-dimensional unsteady airfoil solution (2.6M). 

We expect that replacing such expansions by the exact function 2 d forms 
will improve the accuracy and extend the range of validity (in k) of the 
results. This can be seen in the following way. Consider a function f ( £ ) 
which is well behwed for all 6 . In an as 3 rmptotic expansion of f for 
small € , as e is increased i) the accuracy of the expansion deteriorates 
and ii) beyond a certain value of £ the expansion often diverges. Hence, 
whenever the exact functional form f ( 6 ) is available, replacing the 
expansion by f should improve the results. In the present analysis, 
however, since the overall theory is derived asymptotically for large 
aspect ratio (or small k), as we will see^ the three-dimensional results 
ultimately diyerge with increasing k. This is due to the divergence of the 
unsteady Induced downwash at higher k. 

In this way, we make maximum use of the available exact solutions, 
The errors introduced by the substitutions, in each case, ^e of the order 
of the errors of the original asymptotic expressions. Therefore, 

asymptotically speaking, the accuracy of the results is not influenced. 

To Improve the unsteady induced downwash, we restore the sinusoidal 
dependence on x (see (3.1), (3*3) and (3.^)). We adso replace l^(y), which 
is the strip-theory quasi-steady section lift, with its exact unsteady 
counterpart given by 
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C(Y)/rt 

-ccy)//» 

where 

(x,v) = /> [^i^o <->‘-'i-°-'>] 

which can be obtained from (2.46a) and (2.46b) using Table 2. 
l^p(y) is found to be 

^10 W) = -ItpU^ t|) ^ - Vo>^ 

+ [C2+jW) ot + k. ^ 

The improved unsteady Induced downwash then becomes 

Wi ex,v,t) = cy) ■e'^ Ixl^c/A Wl^b 


where 


AJ 


CY) = 


i 


II (wly-lO dr) 


‘fiT/'u / j; (Y-1)^ 

r“ JzoilLliiLl!! d« 

A 

+ 2 j S Ao '■V) [ f - -r“. 

-i 4 [ I - (V/ bf ] ^ lyi k 


IT ( >a:| y- 1 ) is given by (2.155b). The real and imaginary parts 


( 3 .^) 

C3.IO) 
(p. 5^). 

(3.U) 

{ sazcl ) 

(3.12 b) 

of IT 


eire 
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shown in Figure 3.3. 

It is seen from (3.12a) and (3«12b) that, in the present problem, the 
three-dimensional effects are manifested in the form of a convecting 
sinusoidal gust at each section of the wing. The complex amplitude of the 

a; 

gust ^ constant across the chord but varies across the span in a 

manner determined by the wing displacements and planform. We may thus 
refer to as the Induced gust* 

Since the problem is linearized, we conclude that the 

three-dimensional correction to the basic two-dimensional inner solution is 
the pressure field due to the interaction of the Induced sinusoidal gust 
with the wing. This is the full Sears eigensolution ^ Siven by 

(2.58b). Hence, the improved inner solution, to 0(A ), is given by 

f ct) = + U.3) 

Consequently, the improved three-dimensional section lift and moment, 
say l(y) and m(y), consist of the exact two-dimensional unsteady 

quantities, moment due to 4. » 

^ <*>J 

which we denote by 1_ (y) and m_ (y). Hence, 

K-i) + (-V) ( 3 . .4) 

W(.y) = ^25) (V) + (3. is) 

l^p(y) was evaluated in the above and is given by (3*11). In a similar 

AJ 

way, we determine m^p(y) which is measured about the mid chord line 
(positive nose up). Hence, 

av)/A 

.'"so*-''' = - J s 
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- [<z+ji-)«. + zjto (.^j^ ccdI (3.1?) 

* 

Likewise, section lift and moment due to $ Sears determined using 

(2.58b) and Table 2.1 (p.S7). They are found to be 

^V) = an/=U^ ) [WjCV) /u3 SCM O.is) 
^V)= TiPO" (f)’-l’W3Cy)/Ul (3,13) 


where S(k) is the Sears function defined in (2.59). 

The improved form of and Ip are obtained respectively from 

AJ Aj 

(2.106) and (2.107) after replacing lg(y) by The results are 


4» (X) 


-> 




(3,20) 


^ Ol 

^ cx) 


I 

XKP 






(3.2i) 


As a check, it can be shown that if the above Improved results are 
expanded for large aspect ratio, keeping the appropriate number of terms in 
each case, the original asymptotic results are recovered. All of the 
necessary expansions have already been given except the one for the Sears 
function S(k) which can be obtained from (2.59) i (2.62) and the asymptotic 
expansions for Bessel functions of the first and second kind of order zero 
and one for small arguments. The results are 

S(.t) ^ I - k +j k (Xta) ?q 

( 3 . 22 ) 
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3(1^) 1 4- A”' 

-JV A“’i(^A 0(ft-^4o^A) (3.23) 

In the remainder of this work, we will always use the above improved 
version of the unsteady lifting-line theory. 

It can be shown that, in the steady limit (tu-^0), the results of the 
unsteady lifting-line theory reduce to the classical steady results (see, 
e.g. , Van Dyke (I 963 )). 

Reissner»3 Unsteady Induced Downwash 

It is desirable to compare the three-dimensional corrections from the 
present theory with those of other line and surface theories. As mentioned 
previously, there are presently no reliable unsteady lifting-line 
calculations available. Further, there exists no exact analytical solution 

t 

for the general oscillating lifting-surface problem. From among the many 
approximate unsteady lifting-surface theories, for comparison here we 
choose Relssner's theory (Reissner (19^7)) for which satisfactory 

experimental confirmation exists. The theory is best suited for straight 
wings of moderate to. high aspect ratio. Like the present unsteady 
lifting-line theory, Relssner's theory contains the unsteady airfoil theory 
and steady lifting-line theory as special cases. One advantage Of 
Relssner's theory is that one can readily determine the induced downwash 
from his simplified Integral equation. 

In the present notation and for the wing in Figures 2.3a and 2.3b, 
Relssner's simplified integral equation of unsteady lifting-surface theory 
is given by 


8T 


W„ C 




C/A ^ 

Y (S.V) 


K- f 

-C/A 

00 -J UJ I 

J •• ; fik . . V I e- 


•+ -^ j k-o \/1 j t y ) ^ 

C/A 


X-5 


otj 


c/ 1 


^rr 


VA/ An Y-q ' 


-b 


Ul S C/A WU b 


(.3.24) 


where 'l^ is the bound vorticity and A is the three-dimensional reduced 
circulation which is related to the circulation V (y) through 

-j^5c(.Y)/A 


r iv) = (^) il I Y) e 


C3,25) 


Here, we have introduced the modified kernel function jfC. so «is to 
explicitly display the Cauchy singularity of the last integral. /fC is 
nonsingular and defined as 


IK.(^) = i-j ^ F(V 


(3.26J 


where 


F(^) 


= 1 ^ [ 1 - d)> (3.Z7-) 


The integral here is known as the Cicala function which is an odd function 
of its argument. Using the tabulated values of this function in Reissner 
(19^7), the values of ||( have been computed. They are listed in Table 3«1 
(p. 339) and plotted in Figure even function of its 
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argument . 

The unsteady Induced downwash can be Identified from (3«24) by noting 

that the first and the second terms on the right hand side are respectively 

the downwash due to the bound vortlcity and the shed vorticity, both of 

which are treated as two dimensional with strength equal to that at station 

y. These two terms correspond to the downwash due to the inner solution 

. 

/V (, ”2. 

(namely ^ Star? theory to 0(A )). Therefore, the last 

term in (3 >24} is the unsteady induced downwash. Hence 

^ Sija’fc 

Wx =■ W3 <,Y) « e IX^^C/A \^\<b (3.^80.) 

where 

C 3 . 28 b) 

It is noteworthy that Reissner’s Wj^, like that from the, present theory, 
consists of a convectlng sinusoidal gust whose complex amplitude W^(y) is a 
constant across the chord, but varies along the span in a manner determined 
by the wing displacements and planform. Since is normalized with 
respect to the root semi chord Co/A (see(3.25)), it is 0(A°). Therefore, 

^ — I 

as in the present theory, and for Reissner’s theory are both 0(A ). 

In the next section, numerical examples for for both theories are 

presented. 

In Reissner’s theory, the three-dimensional reduced circulation \f)j is 
obtained from an Integro-differential equation of the lifting-line type by 
numerical methods. For wings of large aspect ratio, however, in the spirit 
of perturbation theory, we may replace with its strip-theory 


^0 ^V) = 


4fT 




-b 
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/SI 

counterpart, sayjCl, given below. Since 0(A”'), any three-dime naional 

AJ 

refinement of XL will give rise to higher-order corrections to W-j^ which may 
be neglected for the present purposes. The strip-theory value of the 
reduced circulation, for the wing under consideration, is given by 


il lY) = 


r r 4 ^ aj . , 
irjk, 


( 3 . 29 ) 


Stirctly speaking, we should replace with its quasi-steady strip-theory 
value which can be obtained from (3.29) by expanding for large aspect ratio 
(hence, also for small k). The use of the exact unsteady value herein Is 
an Improv^ent over the latter, analogous to the inqjroved version of the 
unsteady lifting-line theory. In the remainder of this work, we always use 

'/s/ 

XL(y) in Conjunction with Relssner's unsteady induced downwash. 

It can be shown, that, in the limit of steady flow, . (3.24) reduces to 
the Integral equation of steady lifting-line theory, and (3.28a) and 
(3.28b) reduce to steady Induced downwash. 

3.3 Numerical Evaluation of Unsteady Induced Downwash 

In this section, we focus attention on the numerical evaluation of the 
unsteady induced downwash of the present unsteady lifting-line theory and 
Relssner’s theory. Sample calculations for both theories are also 
presented and compared. First, we review sane ideas on the applicability 
of lifting-line theory to various wing planform shapes (with straight 
span). For a fuller discussion of the steady case see Van Dyke (1963). 
The latter contains errors which have been corrected in Van Dyke (1975). 

The fundamental assumption that physical quantities vary slowly in the 
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span direction Is violated near blunt wing tips where the flow does not 
become two»dlmenslonal no matter how large the aspect ratio. This gives 
rise to local regions of nonuniformity neeu* the tips, the size of which are 
larger for blunter tips. The nonuniformities show up as singularities, at 
the tips, in the spanwise distribution of various phyrical quantities, such 
as section lift and moment. The nonuniformities can be corrected by 
constructing additional asymptotic expansions valid In the Immediate 
vicinity of the tips and matching them to the Inner solution. 

For steady lifting-line theory, to 0(A*^), Van Dyke (1963) has found 
that, for elliptic and more slender planforms, the spanwise distribution of 
lift and moment contain, at worst, Integrable singularities at the tips 
and, hence, convergent total results are obtained. Further, he has found 
that the extent of the region of nonuniformity at the tips for these 
planforms Is quite small. For the elliptic wing It Is 6(A } and for the 
lenticular wing (parabolic leading and trailing edges) It Is exponentially 
small. Since the loads vanish at the tips, the resulting errors In the 
toted Integrated quantities, for wings of large aspect ratio. Is expected 
to be quite small. For planforms with blunter tips, such as the 
rectangular one, the resulting tip singularities are not integrable and, 
hence, total quantities cannot be obtained. 

In the present theory, to 0(A~^), all of the results are obtained in 
closed form. However, the presence of a complicated integral in the 
expression for the unsteady induced downwash (see (3.12b)) precludes 
analytical determination of the behavior of the solution near the tips in 
the general unsteady case. Extensive numerical calculations for the 
present theory (presented in the following sections) indicate that, for 
elliptic and more slender planforms, for the unsteady motions considered. 



91 


there are no nonlntegrable singularities In the spanwlse distribution of 
various linear and quadratic quantities. 

In order to evaluate the unsteady Induced downwash, we first 
nondlmenslonallze all physical quantities using 


X* = X / (Co//\) 


( 3 . 30 ) 


Y* = V / b 

(3.2.1) 

•b*" "= Ut / iCo//)) 

(3.32) 

= w ^ / u 

(3.33) 

-Jf- Ai 

^ w^/u 

(3,34) 

il* = jQ. /U 

(3.3S) 


(3.3 6) 


where ( )* denotes nondlmenslonal quantities. The nondlmenslonal form of 
the unsteady induced downwash of the present theory, (3.12a) and (3.12b), 


is given by 

t*) = w/(y^) e ’ U*l «ew/c. 


where 

it \ 
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ilc r ~~ ^^20 V ^ 






(S3?“U) 


Slmlleurly, In nondlmenslonal form, the unsteady Induced downwash of 

r>* /^J 

Reissner’s theory, (3«28a) and (3.28b) (with kflj replaced byXL), is given 


Wj- C7^) € 


jkoU^- x^) 


\X^\^C(Y)/Co ( 3 . 28 a) 


(Y'^) - 


rL £ i4! 1'*' 

4 tt \o J* dnX- Y*_ ' 


W^\ < I 


(^3.3St>) 


Numerical schemes for the evaluation of the unsteady induced downwash 
of the present theory and Reissner’s theory are presented in Appendices B 
and C respectively. 




Reis3ner*3 Theory 


Since both theories predict an induced downwash of the form 


Before presenting the 


it suffices to compare from the two theories, 
numerical examples, we point out a general result of unsteady finite wing 
theory, namely that as the aspect ratio and/or the reduced frequency are 
Increased, the induction effects diminish in intensity and the 
three-dimensional results approach the strip-theory values. In other 
words, we expect I | to tend to zero as the aspect ratio and/or the 
reduced frequency eure increased. 

Using the numerical schemes discussed in Appendices B and C, from 

the present unsteady lifting-line theory (BLLT) and Reissner’s theory are 
calulated for a rigid, flat plate elliptic wing in harmonic oscillation. 
The wing planform is given by 

X = cw/fl = ivi«b 

In the numerical calculations, without loss of generality, we always take 
b = 1. Two modes of oscillation are considered:, pitch and heave. Since, 
in the present work, the positive direction of pitching and heaving motions 

are defined contrary to the usual notation (see Figure 2.3b), all linear 

quantities presented herein will have an extra overall minus sigpi. As a 
characteristic reduced frequency for the wing, here and throughout, we use 

the reduced frequency based on the root semi chord, namely 

kg s (w/u)(co/A). 

The first mode considered is pitching about the mid chord where the 
wing motion is defined by (2.4) with ^\- constant. We may also 

choose ^ = 0 as a reference phase. Hence, 

hCX,V,-t)= I, X UKctV)//) Vyi^b C3.40) 
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Here, we define a normalized as 

Wjp = W3/l, f3-40 

The amplitude and phase of at the center section (y«s 0) of an 
elliptic wing of aspect ratio A s 10 In pitch are shown In Figure 3.5 as a 
function of . Shown are the results for the original aysmptotlc version 
of the present unsteady llftlng-Une theory, Its Improved version and 
Relssner's theory. It Is Interesting to note that the results of 
Relssner's theory agree more closely with those of the Improved version of 
the present theory than the original asymptotic one, and that over a larger 
range of k^. This Is as one might expect. In the ranalnder of this work, 
we always use the Improved version of the present theory. 

. In the. limit of steady flow, the pitching wing tends to a wing at an 
angle of attack and all three results approach that of steady 
llftlng-ilne theory, namely 


, -Jf 

IWc,^ 1 = Hlft 

r * 

)»kase of p ~0 


C3. 42) 


It 1s seen from the above figure that for Relssner's theory, 
tends to zero as k^ is increased, as expected. On the other hand, as 
pointed out earlier, we expect the results of the present asymptotic , theory 
ultimately to diverge, as k„ is increased. This is clearly seen in the 
above figure where, as k„ is increased, first the ph^e and then the 

AJ 

amplitude of diverge. The high-frequency behavior of the results of the 
two theories is directly related to the behavior of their kernel functions, 



95 

tr and IK , for large values of their argunentSy as seen In Figures 3*3 and 
3.4. It is noted that as their arguments Increase, iiC tends to zero, but 
"IT grows without bounds. 

The amplitude and phase of at the center section of an elliptic 
wing of A = 5 in pitch are shown in Figure 3«6. Compared with the results 
of A = 10 in the above, here the agreement between the two theories is not 
as precise but it occurs over a much larger range of k^. The closer 
agreement between the two theories at higher A is due to the fact that both 
theories are more accurate at higher A. On the other hand, since 
kj ^ OCA"**), the lifting-line theory is valid for a smaller range of k^ for 
larger aspect ratios and a laurger reinge of k^ for moderate aspect ratios. 

The other mode of wing oscillation considered is heave where the wing 
displacements are given by (2.4) with s 3 0 and § s constant, i.e., 

• Z o 


1X1 4 CCVl/A lYKb 


1:3.43) 


Here, we define a normalized as 

j 


Wa = 


^3 / 


(3.44) 


where the quantity in the denominator is essentially the angle due to the 
heaving motion, namely 


Z 


■ Al jfl . (V ^ 

The main advantage of using over is that, whereas Wj tends to zero 
as kj^ 0, remains 0(1), so that the behavior of the unsteady induced 
downwash for small k, can be studied more readily. 
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The amplitude and phase of at the center section of an elliptic 
wing In heave are shown In Figure 3*7 for A = 10 and In Figure 3.8 for 
k - 5 • As far as the agreement between the two theories Is concerned, here 
we see the same trend that we saw In the above for the pitching wing. In 
the limit of steady flow, the result of both theories approach that of 
quasi- steady llftlng-llne theory for a heaving wing, namely 


1 u 1 


2/f^ 


(3.4 6) 




which Is the same as that for the pitching wing (see (3.42)). This Is 
because, as k^-^0, both the pitching and heaving wings tend to a wing at an 
angle of attack ( for the former and for the latter), so that 

=. U.47) 

In the next section, spanwise distribution of section lift fran the 
present theory and Reissner's theory are presented and compared with the 
strip-theory results. They clearly indicate the spanwise distribution of 
Wg for both theories. It is seen that at other spanwise stations, as at 
y*= 0 in the above, the present theory pr^icts a somewhat stronger induced 
downwash than Reissner’s theory, especially near the wing tips. 

It must be noted, however, that, in the neighborhood of the tips, the 
three-dimensional unsteady flow field is. complex and has not yet been 
studied in detail. Garrick (1957) has pointed out that the primary 
weakness of, Reissner's theory is in treating the wing tips. Also, the 
results of the present theory, near the tips, are to be viewed merely as a 
rough approximation. Further remarks on the tip flow field are made in the 
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next section. 

Based on the above numerical examples and correlations, Figure 3.9 
roughly depicts the region In a kg - A diagram where we expect the present 
theory to be valid, tflth Increasing kg, the dashed and solid lines roughly 
depict the values of ko beyond which respectively the phase and amplitude 
of the unsteady Induced downwash gradually start to diverge. We 

tentatively conclude that the theory 1s valid to the left of the dashed 
line for moderate to high aspect ratios. On the basis of may more 

calculations and correlations, this picture will be further refined In 
Section 4.3. 

In Figures 3«5 - 3 >8, we note that, as kg Increases from zero. 
Initially 1 Wal drops off rapidly (k^ < .2), followed by a much slower 
variation at higher k^ . The reason for the rapid Initial decline of Iw^l 
Is the change In the nature of the wake. While In steady flow the wake 

consists of trailing vortices, each having constant strength. In unsteady 

flow, the trailing vortices have periodically varying strength along their 
length. Also, the strength of the shed vortlclty varies periodically. The 
self-cancelling effect of this periodic unsteady wake causes the reduction 
In IWgl. 

Therefore, even for small values of k^, the amplitude of W^ Is 
considerably smaller than the corresponding steady value. This means that 
for small kg, quasi-steady theories underestimate the unsteady effects or, 
alternately, overestimate the three-dimensional corrections, ,This 
Indicates the Importance of fully-unsteady aerodynamic theories, such as 
the present one, as opposed to quasi-steady ones, even for relatively small 
reduced frequencies. 



98 




In this section, to assess the utility of the present theory, we use 
It to calculate the spanwlse distribution of the unsteady Induced downwash 
and section lift and moment coeffielents, as well as the total lift and 
moment coefficients for an oscillating wing. The calculations are carried 
out over a range of values of ko and A and for several planform shapes and 
modes of oscillation. In each case, kg and A are chosen within the region 
of validity of the theory as shown in Figure 3-9. 

The planforms considered are defined by (after Van Dyke (1963)) 

CCV)/A = Wn X ' - C.3.48) 


It follows from the definition of aspect ratio, (2.2), that 


so that 

O 


n 

k - 

planform 

0 

b 

rectangular 

1 

(4/-rr)b 

elliptic 

2 

(3/2)b 

lenticular 

3 

(l6/3-ir)b 

cusp-tipped 


These planforms are shown in Figure 3.10 for A = 6. Most of the 
calculations presented herein are for the elliptic planform which is of 
fundamental interest to us. To study the influence of planform shape, the 
lenticular and cusp-tipped planforms are also considered. For reasons 
already cited, we will not consider the rectangular planform. The planform 



99 


area for wings belonging to the above family is 4b^/A. 

In all niimerical examples, the strip-theory results (ST) are also 
shown to indicate the extent of the three-dimensional corrections and 
because, as mentioned earlier, we expect the three-dimensional results to 
approach their strip-theory counterparts as A and/or are increased. 
Whenever possible the results are correlated with Reissner’s theory and 
numerical lifting-surface theories. 

In the numerical calculations, without loss of generality, we always 

take b = 1 . Also, since the planforms considered are spanwlse 33nnmetrlc, 

edl spanwlse calculations are carried out for half of the span at eleven 

stations, with the station closest to the tip located at y*s .999« In 

terms of the spanwlse angular variable 6 s cos y* (see Appendix B) , the 

station closest to the tip is 3“ from the tip and the rest are equally 

spaced at 8.7* along the semi span. Numerical values for the steady limit 

are obtained for k^s 10 ^because, for k^ = 0, some of the Bessel functions 

involved are singular. Much smaller values of k« could be used for the 

- 4 

steady limit without any numerical difficulty but 10 was found to be 
adequate. The accuracy of the numerical results is three decimal : places or 
better. 

Two modes of oscillation are considered: pitch and heave. For a wing 

in pitch, whose displacements are given by (3.40), we def^e sectional and 
total lift and moment coefficients as 

, J(y) / [i (z^) g,] (3.50) 

(.y*) = m(v) / [i pu^- (2^)"^ 5,1 Cs.B-i) 


I 
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b ^ 

-Tiy) (ssz) 

^Mp = ' J" »cy)c(v (3.S3) 

— b 

Similarly, for a wing in heave, whose displacements are given by (3.43) » we 
define 




C3-S4) 

(y+) ■ 


(Z.SS) 


_ b 



1 r /\j • • 

[i/’U^Sa.So] 

(3.ss; 

yO . 



•= I 

— b 

(3.5^) 


Moments are measured about the mid-chord line (y-axis) and taken as 
positive in the nose-up direction. 

Before presenting the numerical results, a few remarks are in order 
concerning the flow^ field near the wing tips. As pointed out earlier, 
predictions of lifting-line theory near blunt tips are to be taken only as 
a rough approximation. 

Starting with the exact solution of Kinner (1937) for a circular wing 
in steady flow, Jordan (1971a, 1971b) has carried out a detailed study of 
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the flow field near a circular (or parabolic) wing tip. He finds that, 
contrary to the classical assumption of (essentially) elliptic span 
loading, the actual loading contains a logarithmic term near the tip. As a 
consequence, the Induced downwash contains a logarithmic singularity which 
gives rise to an infinite upwash at the tip. Also, in relation to an 
oscillating rectangular wing tlp> Landahl (1968) has found a similar 
logarithmic term in the span loading. It might be possible to derive 
similar results for an oscillating circular (or parabolic) wing tip, using 
the exact solution of Schade and Krienes (194?) for' an oscillating circular 
wing. Presumably, similar logarithmic terms in the span loading and 

downwash would be uncovered. 

Effgat-of-Kfl-on. WinsL-AerodYnaaica 

Consider an elliptic wing of A s 6 in pitching motion^ Spanwise 
distribution of phase and amplitude of W^p are shown in Figure 3*11 for 
several values of k,. In the steady limit, the classical result is 
reproduced, namely unlfrom Induced downwash across the span, of amplitude 
2/A and zero phase. As expected, with increasing k^, the amplitude of 
induced downwash diminishes everywhere along the span except in a small 
neighborhood of the tip where it becomes more intense (possibly infinite at 
the tip). The latter is due to the increase in the strength of the local 
wake vorticity (at the blunt tip) which grows stronger with increasing k,,. 

Figures 3.12 and 3*13 depict spanwise distribution of lift and moment 
coefficients for k^ = 0, 0.1, 0.2 and 0.3. The real and imaginary parts of 
each coefficient are denoted by R and I respectively. We note that, in the 
steady limit, the results of steady lifting-line theory are recovered. 
Also, it is seen that, with increasing k^, three-dimensional section lift 
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and moment coefficients approach their strip-theory counterparts, as 
expected. 

Figures - 3*16 depict spanwise distribution of the unsteady 
induced downwash and lift and moment coefficients for an elliptic wing of 
A = 6 in heave for k<, = 0.1, 0.2 and 0.3. For ko = 0 both lift and moment 
are zero. With increasing ko, the heave-induced angle of incidence 
increases resulting in the growth of the lift and moment amplitudes. Also, 
the three-dimensional results approach their two-dimensional counterparts 
as in the above. In passing, we note that a better way of presenting the 
heave data is to normalize lift and moment coefficients with (1/2)Jk_§ , as 
we did for the induced downwash in Section 3.3» rather than with ^ . Here, 
we have adopted the latter for ease of comparison with Reissner’s results 
below. Examples of the former are given later in this section in 
connection with total lift and moment coefficients for the wing. 

gffsQt.Qf Aspect.. Ratio .on.Wlna Asrodynainitta. - 

Consider an elliptic wing oscillating in pitch at k^ = .2. Spanwise 
distribution of phase and amplitude of W^p are shown in Figure 3.17 for 
several values of aspect ratio. In each case, the steady results (i.e., 
amplitude of 2/A and phase of zero) are also shown for comparison. It is 
seen that, with increasing A and fixed k^, the amplitude of the unsteady 
induced downwash is reduced everywhere, rendering the problem increasingly 
two-dimensional locally. 

Spanwise distribution of lift and moment coefficients for the same 
wing are shown in Figures 3.18 and 3.19 for ko = .2 and A =4, 6 amd 8. It 
is seen that, with increasing A and fixed k^, three-dimensional lift and 
moment coefficients approach their strip-theory values, as suggested in the 
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above. 

Effect of Planform S hape on Wing Aerodynamics 

To study the influence of planform shape on the aerodynamics of the 
wing, we consider three planforms: cusp-tipped, lenticular and elliptic, 
defined in (3.48), (3.49) and the accompanying tabulation. 

The cusp-tipped planform is the ideal one for theories of lifting-line 
t]rpe, because the chord distribution tends to zero infinitely slowly at the 
tips, thus, avoiding any nonuniformity. For the lenticular wing, the chord 
varies linearly near the tips which gives rise to a logarithmic singularity 
at the tips (at least in steady flow) . The chord for the elliptic 
planform, on the other hand, varies infinitely rapidly near the tips. 
Fortunately, however, as we have seen in the above numerical examples, the 
elliptic planform does not give rise to any nonlntegrable singularities at 
the tips (at least for the examples considered), as in the steady case. 

Spanwlse distribution of steady Induced downwash for the above 
planforms is shown in Figure 3.20. They are in complete agre^ent with the 
classical steady results. Spanwlse distribution of the real and Imaginary 

At n 

parts of Wgp for the same wings, oscillating in pitch (kg = .2), are shown 
in Figure 3.21. It is seen that, for the Cusp-tipped wing, the amplitude 
of the unsteady induced downwash is finite everywhere along the span, as in 
the steady case. For the lenticular wing, it seems to have a weakly 
singular behavior at the tips. For the elliptic wing, the Induced downwash 
is fairly constant across the span except near the tips where it grows 
somewhat more intense but appears to r^ain finite (it might have a weak 
singularity there). Determination of the exact nature of the latter would 
require analytic work on the integral expression for the unsteady Induced 
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downwash in the neighborhood of the tips, which, as was pointed out 
earlier, would be quite tedious. 

Spanwise distribution of lift coefficient for the three planforms is 
shown in Figure 3.22 for steady flow and in Figure 3.23 for pitching motion 
(ko - .2). Influence of the planform shape on spanwise load distribution 
is clearly seen in steady and unsteady flows, especially near the tips 
where lift varies as the chord (see (6.5)). It is also seen that, in each 
case, the unsteady effects significantly reduce the amplitude of induced 
downwash except necu: the tips. 

Spanwise distribution of moment coefficient for the three planforms is 
shown in Figure 3*24 for the steady case and in Figure 3.25 for pitching 
motion (ko - .2). The above comments about the lift distribution apply to 
the moment distributions as well. All of the steady results here and in 
the above are in full agreement with those of steady lifting-line theory. 

Comparison with Rel saner »s Theory 

Relssner and Stevens (1947) have carried out extensive numerical 
calculations for Reissner's theory for rectangular and elliptic wings in 
various types of oscillatory motion. Here, we compare their lift 
distribution for an elliptic wing in pitch and heave with those of the 
present theory. Unfortunately, their calculations are only for A = 3 which 
is rather low for the present theory, but we find the agreement to be 
surprisingly good for the given conditoins. 

Spanwise distribution of lift coefficient for an elliptic wing in 
heave is shown in Figure 3.26 for A = 3 and k^ - .212, .424 and .847. It 
is seen that the results of the two theories are in reasonably good 
agreement over most of the span except in a relatively small region near 
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the tips where the results of the present theory change sign before 
vanishing at the tips. This is due to the stronger induced dwonwash 
predicted by the lifting-line theory under the conditions of relatively 
large kg and small A, as pointed out earlier. 

Spanwlse distribution of lift coefficient for an elliptic wing in 
pitch is shown in Figure 3.27 for A s 3 and kj, s .212, .424 and .847. As 
far as the comparison of the results of the two theories is concerned, the 
above remarks for the heaving wing apply here as well. In the light of the 
discussion at the end of Section 3.3 (comparison of the unsteady Induced 
downwash from the two theories), we expect the agreement between the two 
theories to be considerably better at higher aspect ratios. 

Figure 3.28 depicts spanwlse distribution of lift coefficient for an 
elliptic wing in steady flow from the two theories. The reason for the 
poor agreement lies in the fact that, in the steady limit, whereas the 
present theory approaches the form 

(^k) = 2TT (I- x) V l- +0 (A-^) (3.S8) 

of steady lifting-line theory (which is the direct result of the MAE 
analysis), Reissner's theroy approaches Prandtl's recast from of the above, 
namely 

(.Y*) » + OfA-^l (3-S't) 

14 - 

Asymptotically, the two forms are completely equivalent, to 0(A ), with 
their difference being a measure of the error band of steady lifting-line 
theory. The latter quickly diminishes at higher aspect ratios as seen in 
Figure N.3 of Van Dyke (1975), where it is also seen that the results of 
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numerical lifting-surface theory lie between the above predictions. The 
above comparisons also Indicate that, for fixed A, the error band of the 
unsteady lifting-line theory, which is equal to that of steady lifting-line 
theory for w = 0, diminishes with increasing kg. Further comparisons of 
the results of the two theories are presented below. 

In summary, we find the overall agreement between the two theories to 
be reasonably good, considering the low A, and expect it to be much better 
for moderate to large A. The present asymptotic theory, thus, provides 
formal justification for Reissner's ad hoc theory. 

Total Lift and Moment Coefficients for Oscillating Wings 

To study the influence of k^, aspect ratio and mode, of oscillation on 
total lift and moment coefficients for oscillating wings, we consider an 
elliptic wing in pitch and heave. 

Spanwlse integration of section lift and moment coefficients are 
carried out using Lege ndr e-Gauss quadrature ((B.11) and (B.12)), after a 
spanwise cosine substitution to handle numerical difficulties arising from 
blunt wing tips (see Appendix B). It was determined, through numerical 
experiments, that the sixteen-point Lege ndr e-Gauss quadrature scheme is 
adequate to obtain accuracy of three decimal places or better. Taking 
advantage of the spanwise symmetry of lift and moment distributions, the 
spanwise integrals were carried out for half of the span and the results 
doubled. 

The total lift and moment coefficients for an elliptic wing in pitch 
are shown as complex vector diagrams in Figures 3.29 - 3 •31 for A = 3, 6 
and 16. In each case the corresponding strip-theory results (ST) and the 
values of steady lift coefficient from numerical lifting-surface theory 
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(SLST) are shown for comparison. The latter are taken from Figure N.3 of 
Van Dyke (1975). Here again, It Is seen that In general, with Increasing A 
2ind/or k, , the results of the present theory approach the corresponding 
strip- theory values, as expected. 


The calculations for A 

= 3, 

which 

is 

rather 

low for the present 

theory, were, carried out 

for 

the 

sake 

of comparison 

with 

those of 

Reissner's theory which are 

also 

shown 

in 

Figure 

3.29. 

The 

agreement 


between the two theories is reasonably good (considering the low aspect 
ratio) except at very low kg. The latter Is associated with the fact that. 
In the steady limit (as already discussed in relation to spanwise lift 
distribution), the present theory approaches the form 


= -2IT (I- |-) + 


(3. €0 ) 


of steady lifting-line theory, whereas Reissner’s theory approaches 
Prandtl’s recast form of the above, namely 

— -2fT . ^ , A -X' 


Cr = 




(3. € I ) 


/■P 

In the figures, numericed results from the latter form are shown for 
comparison and denoted by SLLT2 (second form of steady liftlng-llne 
theory). The difference between the two forms is a measure of the error 
band of steady lifting-line theory, which diminishes rapidly with 
Increasing aspect ratio, as seen in the above figures (for co s 0). We note 
that the rapid turn in the lift curve of unsteady lifting-line theory for 
A = 3 and low k^ (Figure 3*29) is reduced to a small kink for A = 6 (Figure 
3.30) and completely dissappears for large A, as seen in Figure 3. 31 for 
A = 16. It is also seen that the Vcilue of kg at which the rapid turn 
occurs decreases with increasing A (k^ » .2 for A = 3, k,, « .06 for A = 6 
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and kg 0 for A s 16). This seons to be due to the change in the relative 
size of various terms in at different A, since only the first term in 
(3.37b) depends on A explicitly. Further, for A = 16 and k > .5» the lift 
and moment curves gradually start to diverge from the corresponding 
strip-theory results, as seen in Figure 3*31. This is due to the 
divergence of the present theory at higher k^. 

Total lift and moment coefficients for an elliptic wing in heave are 
shown as complex vector diagrams in Figures 3.32 3.3^ for A = 3» 6 and 

16. The A s 3 case is again considered only for comparison with Reissner's 
results which are also shown in Figure 3.32. The agre«nent between the two 
theories, for the given conditions, is fairly good, especially at higher 
^ 0 * 

As mentioned earlier, it is more enlightening to normalize the lift 

and moment coefficients for a heaving wing with (1/2) jk.^ . Here, we 

'' 0 

present the rest of the heave data in this form. Since we have already 
normalized these coefficients with , it only remains to divide by 
(1/2)jko. Hence, 

% /CiJ U = [i Sa j *^3.62,) 

— t 

The rest of the heave data is depicted in Figures 3.33 and 3.3^. 

The rapid turn of the lift curve for low k^ and moderate A, observed 
in the above for the pitching wing, is also seen here in the heave data 
when normalized with respect to (1/2)jk^|^. For A = 6, the lift curve 
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displays an unexpected loop for low kg as seen In Figure 3 'SB* This 
behavior disappears completely for large A, as seen In Figure 3>3^ for 
A = 16. We also note that the related moment curves (pitch and heave) 
display a rapid turn (under the same conditions) which decreases In size 
and finally disappears with Increasing A. This seems to be another 
manifestation of the same effect. 

This behavior of the results of the present theory may be due to the 
presence of the term kg log In the expression for the unsteady Induced 
downwash (see (3«37a) and (3.37b)). This term has an Infinite slope at 
O) = 0 and the behavior In question might be the recovery of the results 
from this strong Initial change. This behavior, however, Is not fully 
understood and calls for further Investigation. 

In relation to the heave data, we also note that, for A = 16 and 
k >* .5, the lift and moment curves gradually diverge from the 
corresponding strip-theory results (see Figure 3*3^) • This Is due to the 
divergence of the present theory at higher kg. We also note that, with 
Increasing kg and/or A, the resxilts of the present theory generally 
approach the strlp-theoiv values, as expected. 
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CHAPTER IV 

ENERGETICS OF THREE-DIMENSIONAL FLAPPING 
FLIGHT USING UNSTEADY LIFTING-LINE THEORY 


U . 1 IntruduQtlon 

Until recently, most theoretical studies of the propulsive performance 
of three-dimensional wings were based on unsteady strip-theory calculations 
or quasi-steady lifting-line theory (see, e.g. , Archer, Sapuppo and 
Betteridge (1979))» neither of which is completely adequate. 

Bennett (1970) accounted for three dimensionality and unsteadiness in 
an approximate way by extending the unsteady lifting-surface theory of 
Reissner (1947) to calculate thrust and hydrodynamic efficiency. His 
theory, like that of Reissner, . is an irrational approximation. Later, 
Chopra (1974), using superposition (Fourier series) of sinusoidal lifting 
ribbons of infinite span, calculated the performance of a rigid rectangular 
wing in combined pitch and heave. His approach is limited to the 
rectangular planform. 

Recently, a few investigators have employed numerical unsteady 
lifting-surface theory to study this problem. Chopra and Kambe (1977) 
employed the kernel function method for a family of rigid wings most of 
which are swept back. Lan (1979) has used the "quasi- vortex-lattice" 
method for rigid wings of rectangular and arrow planform Including a tandem 
wing configuration. Agreement between the two works is not as good as 
expected and warrants further work on the lifting-surface approach to this 
problem. 

Lighthill (1970) suggested the use of unsteady lifting-line theory for 
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the study of performance of hlgh-aspect-ratlo lunate tails (or flapping 
wings). In this chapter, we employ the present unsteady lifting-line 
theory to study the energetics of three-dimensional flapping flight. The 
present approach has several advantages: 1} All of the results are 
obtained in closed form and, hence, are suited for optimization studies, 
il) In comparison with unsteady lifting-surface theory, considerably less 
computation time is required, ill) In the present acceleration potential 
formulation of the problem, the suction force is obtained exactly 
(linearized). This is in contrast with other methods (numerical) in steady 
and unsteady flows where the suction force is obtained approximately (see, 
e.g., Wagner (1969) and Lan (1979))- 

Working within the framework of linearized theory, we use the present 
unsteady lifting- line theory to calculate both spanwlse distribution and 
total integrated V 2 due of the following quantities: power required to 
maintain the wing oscillations; leading-edge suction force; thrust; and 
energy loss rate due to vortex shedding. It is not meaningful to speak of 
sectional energy loss rate since this quantity is defined only for the 
entire wing. The analysis in this chapter is for a rigid wing but can be 
modified to accomodate a spanwise-flexlble wing. The total Integrated 
quantities are needed for the optimization studies in Chapter V. Numerical 
examples for the above quantities are presented and correlated with, 
lifting-surface results, where such data is available. The overall 
agreement is found to be good. 

On the basis of the numerical examples in Chapters III and the present 
chapter, the range of validity of the present unsteady lifting-line theory 
is then discussed in more detail. It is found that the theory is valid 
over a larger range of reduced frequency and aspect ratio that originally 
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anticipated. This is, in part, due to the improvement scheme discussed in 
Section 3.2. 

U.2 Energetics of Three-Dimensional Flapping Flight 

Focusing attention on the unsteady part of the wing motion, we 
consider a rigid thin wing of relatively large aspect ratio in combined 
pitch and heave: 

hcx,v,t) = [k/A-ho<xle'^“'^ 

\X1< CCV)/A lYl 

as shown in Figures 2.3a and 2.3b. As we will see below, all of the 

energetic quantities turn out to be quadratic forms in (S^, 

start with the basic definition of the quantities in question and derive 

closed-form expressions for them. Since, for harmonic motion, the time 

average of these quantities is of interest, we only calculate their time 

averages. 

The time average , denoted by ( } , is defined as 

T - ~ J TC-t) dt (.A.Z) 

■to ■■ ■' 

where t^ is an arbitrary constant. For harmonic motion, is usvially 

chosen as the period of oscillation. It can be shown that the following 
rules hold for the time average of products of complex harmonic quantities. 
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If 

A = (Xj [ A ] B = (3ij t B :i C4 . 3) 

then, 

AB = ^C5lj C A g®l = ^ (5ij- [ s s® 3 (4.41 

=o H-s) 

where (55»j and ( )® respectively denote the real part and the complex 
conjugate of a complex quantity with respect to j. 


iChmFF ■•Miv ^ f^lv# 


The average sectional power required to maintain the wing oscillations 


is given by 

CCV)/rt 

-Ctv)//^ 


(4.S) 


Substituting for h from (4.1) and using the averaging rule in (4.4), we 


PW) = ^ j ^ ~ iCV) wlV) 


This represents the rate of work of unsteady lift (done at the rate of 
heaving velocity) and the rate of work of unsteady moment (done at the rate ; 
of angular pitching velocity) , 

Introducing the nondlmensional coefficients 
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PCV)/ [-f- />U® 

C4-S) 

Cj cv*) = -i(v) / Ci />u^ 


= v;^ cv)/ [i /°u^ (i 

(4.10) 

in (4.7) , we obtain 



= V +4 (5.-j 5z) C„(V»)] H.II) 

where denotes the imaginary part of a complex quantity with respect to 
j and C^(y*) and C^(y*) are obtained, from the unsteady lifting-line theory 
(see (3.14) and (3.15)). 

We now introduce the following notation for the linear quantities. 

B = +j bH) Bf)?, + (Br+j Bz) . (4-iz) 

/\J . /J ■ AJ /W 

where B denotes Wg(y*), C^(y*), C^(y*)» or C^and the coefficients 
and B}| are real with respect to j. It follows frwn the second form of 
(4.1) that the following symmetry relations hold. 

B, = - (4;I3) 


Expressing CA(y*) and C^(y*) in (4.11) in the notation of (4.12) and 
using the above symmetry relations, we obtain Cp(y*) as a quadratic form in 

<^pVY») = 4 cv*) (?,^+ Si ) 
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-■k [4C^„lV*) M-14) 


The general form of a quadratic form in three variables is 



4- 2. (i V3 


■V ^22 

-4- 2 0.23 

(4.15) 




matrix notation, 



F = Q i 


(4-iS) 


where ( } denotes a matrix, (_J denotes the transpose of a matrix and 


04. if) 


a = 




Q\3 




^2 3 

04. is) 

0\3 

^23 

<^33 



fi. is the matrix of the quadratic form which is symmetric by construction 
(for a discussion of quadratic forms see, e.g., Hildebrand (1965)). A more 
general form of quadratic forms involves a non- symmetric 

We saw in the above that for the matrix of the quadratic form for 


Cp(y.) 


Q 


■Z-Z 





=o 
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which follow directly from the symmetry relations (4.13) • As we will see 
below, In a similar way, the matrix of the quadratic form for all of the 
quantities In question (sectional and total) has the properties In (4.19). 
It Is noteworthy that, for the same reason, all of the quadratic forms for 
the two-dimensional motion of a rigid airfoil In pitch and heave also have 
these properties (see Wu (1971b)). 

The average total power required to maintain the wing oscillations Is 
given by 

^ = J p iv) ciy C4.ZO) 

— b 

or. In nondlmenslonal form, 

, (.4. XI) 

Leading-Edge Suction Force 

Thrust consists of the suction force at the leading edge and a 
contribution from the normal force at the wing. First, we evaluate the 
suction force. In two dimensions, the steady suction force Is 'derived 
rigorously (see, e.g. , Robinson and Laurmann (1956), p. 126). It Is known 
that the suction force arises from the singular pressure at the leading 
edge eind is proportional to the square of the strength of the leading-edge 
square-i-root singularity In velocity.. The suction force can be evaluated 
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using Blaslus* theoron or the monentum theorem. Wu (1961, 1971a) has 
calculated the unsteady suction force In two dimensions using the 
acceleration potential. He shows that, In the neighborhood of the leading 
edge of an oscillating airfoil, the velocity potential and its time 
derivative remain bounded and, hence, do not contribute to the suction 
force. The problem of determining the unsteady suction force thus reduces 
to that in steady flow, with time appearing only as a parameter. 

In three dimensions, we employ the present unsteady lifting-line 
theory, according to which, at each wing section, the three-dimensional 
effects are manifested as a convectlng sinusoidal gust (the unsteady 
induced downwash) . The interaction of this gust with wing sections 
modifies the local two-dimensional pressure field by an amount of the Sears 
solution determined by the complex amplitude of the unsteady 

induced downwash. The Sears solution modifies the strength of the 
leading-edge singularity and thus modifies the suction force. Since the 
latter is a quadratic quantity, we can not simply combine the contribution 
from the two effects. We must return to the three-dimensional pressure 
field in the inner regipn where the complex acceleration potential is given 


AJ l' . AJ L /NJ / 


(4.ZZ) 


aJ 4 M 

Here, f^^ and given by (2.46a) and (2.58a) respectively. Wu 

(196-1) has. shown that, in -two dimensions, .near the leading edge .the complex 


velocity 


3 


/M J 

=. u 


( K ) 





behaves like f*^. Since both and fs,^,^ are (locally) two dimensional. 
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JUI 

we may use this result. Expanding and f^^^^near the leading edge, we 
obtain 

^ [3.(y) + z soo w 3 (v)][^^^^y^+o<i) 

U.24) 

where S(k) Is the Sears function defined In (2.59), a^(y) is given by 

(2.38d) and W (y) Is given by (3.12b). 

3 

The suction force is then obtained by applying Blaslus’ theoran to a 
small circle surrounding the leading edge. The result Is 

TsW,t)=-^P i^|6^^.[ao(Y,t) + 2S(lt)W2W)e ]j {^. 25 ) 

T^ Is the suction force per unit length of the leading edge, directed along 
the outward normal to the leading edge, as shown In Figure 4.1, and taken 
to be positive In that direction. Himerlcally, T^ Is also equal to the 
streamwlse component of the suction force per unit span. 

Averaging Tg over time and keeping only the leading three-dimensional 
correction, we obtain 

ly) = p ^ (3ij [laoiV)]^ 4 ^Ay) Wg (4.26; 

where It 1s seen that the suction force Is proportional to the local chord 
length. The neglected higher-order term Is proportional to lS(k)Wg(y)| . 
The nondimensional form of (4,26) is given by 

where 

( f-)] (4.28) 



It follows from (2.38d) - (2.38f) and (4.1) that 


where 

k,\Y*) = W(V)/U = jk.l„ +i(5, +j Sz) 

^ b, (V)/U = jk CS,+j Sj.) (4.32) 

The quadratic form of C_ (y*) is obtained frcan (4.27) after 

's 

substituting for a» from the above and introducing the notation of (4.12) 

fsJ 

for W* together with the symmetry relations (4.13). The result is 

(V*) ~ii^) 

+ [lc^-^.C44)c^) i^Clc) -ik'^FOc) 

+ 4(^2 4 -^, 2 . )] 

4"^— Icok B(k)-t-Z 

+-j^2koD(lc.) — Icok <4(k) ■+ z{^\ ^2. 4- 
+ kjci3 4-i53C^i)^^^c^Z^ (4 '33) 

where F and G are the real and imaginary parts of Theodorsen's function 
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C Oc) (see (2.42) and (2.44)) and 
DCk.) * F^Uc) -F <5^Ck) 
BCk) = FOc) - BCk) 


(4.34) 


Further, 

a, cy*) = ko <5 ck.) 

^z(y^) = k q(k) - 2 F (k) 

a3 cv^) = z ci ac) 4- k C FCk) - 

i), (.7^) = -ko FOc) 

ty - 2. ^ Ck) - k [PCk) - 1^ 

(4.3S) 

h-^ ( 7 ^; = k ^ ck) - Z F(k) 

c, (Y^) = Ck) Wo' (Y+) - (k) Wo' ( V^) 

<^2 lY*) = ^g(k) W.^cy-^) - 5x (k) Vv/' (Y*) 

C 3 Cy*; ^ Sp^(k) W^ (y*) - 5i (k) Wz (y4) 

d, (y*) =. 3R.(k) Wo'cy^) -f Wo' (V^) 

<^2 ly-i^) = (k) W,'^ (y^) 4 Si (k) w, ( Y^) 

ci3(v>) S^^Ck) W/(Y^) 4 SiCk) W/(Y*) 


where Sj^ and Sj^are the real and imaginary parts of the Sears function S(k) 

A/ 

and and WJ| are the coefficients of W*, namely 

w^ (y*) = [WftCy^) 43 V^o^CY ^)3 

+ [w'(y*) 4j Wr (Y^)^ (4-36) 

+ ^V/^ Cy +3 \v^z ^Y *”) ^ 
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In the absence of three-dimensional corrections (W* 3 0) , the above 
expression for C-j.^(y*) reduces to the two-dimensional result of Wu (1971b). 

The average total leading-edge suction force for the wing, In the 
streamwlse direction, Is given by 
“tip 

^7^=1 ^ C4.37-) 

-tip 

where "X Is the distance along the leading edge and /3 Is the local 
leading-edge sweep angle as shown In Figure 4.1. Since cos 3 d%s dy, 
(4.37) may be written as 

W 

O' * i T_ (Y) (4-38) 

where It Is seen that the average suction force per 
streamwlse direction Is just T^(y) as pointed 
nondlmenslonal form of (4.38) Is given by 

( 4 . 39 ) 

Thrust from the Normal Force 

In addition to the leading-edge suction force, the streamwlse 
component of the unsteady normal force at the wing also contributes to the 


unit span In the 
out earlier. The 



122 


thrust. The time average of this contribution, denoted by Tp, Is given by 


0(V)//1 


TptY) 




-CiWA 


AfiXy%-b) pL CK,y,t) 

cX 


(•4.40) 


Substituting for b from (U.1), we obtain 

Tp(y) = ($j [o<® I(v)] (4-41) 

or, In nondlmenslonal form, 

= Tp(v)/[s-pun^)] 

(-4.4Z) 

= Q (Y*)1 

/W 

Introducing the notation of (^.12) for Cg^(y*) together with the symmetry 

relations (4.13), we obtain the quadratic form for C (y»). 

‘P 

^pty») = f 

+ [t z 5o ^ 


The average total thrust from the normal force for the wing is given 


C7p = j Tp (y) <=(y 


(4.44) 


or, in nondlmenslonal form. 
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( 4 . 45 ) 

-I ^ 

Tbruat 

The average section thrust is the sum of the averages of the 
leading-edge suction force and the thrust from the normal force, l.e., 

=f (-y) = ts (.y) + Tp CV) (^-4SJ 

or, In nondlmenslonal form. 


= Tiv) / [ ^ (x)l 
= C-P3 + C-r 


(4.4=f) 


where C_ (y*) and C_ (y*) are given by (4.33) and (4.43) respectively, 
's 

The average total thrust for the wing Is given by 


^ J T (Y) 

4 


(- 4 - 48 ) 


or, In nondlmenslonal form, 

= 7/ (i 
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i 

= i C%) I (4.4<=i) 

-I 

It can be shown that, In the limit of steady flow, the above results 
for average sectional and total thrust reduce to one half of the sectional 
and total induced drag respectively. For example, for an elliptic wing, we 
find 

^ / I - V * ^ (4. so) 

= -a/7) C4.s0 

which are one half of the known steady results. The extra factor of one 
half is due to the time averaging (see. (4.4) ) which is not meaningful in 
steady flow and, hence, must be discarded. 

Energy Loss Rate 

As pointed out earlier, energy loss rate is not defined for individual 
wing sections. The average total energy loss rate for the wing, denoted by 
"S, , is obtained from the principle of conservation of mechanical energy 
(derived rigorously in Chapter VI in two and three dimensions): 

1 = ^ - u ^ 

or, in nondlmenslonal form, 

(4.53; 

= - V 
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The hydrodynamic efficiency of the motion Is defined as 

r^=C<^!C(p = C^ICg, (A.sA) 

This completes the derivation of the average sectional and total 
values of the energetic quantities for a rigid wing in combined pitch and 
heave. It Is noteworthy, that, within the framework of the present 
linearized theory, the results are exact and contain three-dimensional 
corrections of order W^. Only in the evaluation of the suction force we 
encountered a correction term of order (in addition to one of order W^) 
which we discarded as higher order. The implication of the latter near the 
wing tips, where the amplitude of can become large. Is discussed later 
in this section. 

Here, we have considered the purely unsteady motion of the wing with 

no steady lift. In some applications, the latter Is present and essential. 

For example, in birdflight where steady lift is required to overcome the 

body weight. The presence of steady lift in the problem gives rise to 

additional steady components for the linear quantities (Induced downwash, 

pressure, lift, moment etc.) which must be combined with their respective 

unsteady components before calculating the energetic quantities, as in this 

section. The average value of the quantities of interest, however, turn 

out to be simply the sum of the steady and unsteady components, since the 

juJ t 

cross product terms, being proportional- to e , average to zero.. For 
example, the average thrust is reduced by an amount equal to the induced 
drag. 

In this section we have considered the unsteady motion of a rigid 
wing. In some applications, such as in the unsteady undulations of lunate 
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tails, which are rather rigid structures, this model is quite adequate. 
But in other applications, such as in birdflight a model is needed which 
permits arbitrary variation of the amplitude of pitch and heave and the 
associated phase difference across the span, namely a spanwise-flexible 
wing model. The present unsteady lifting-line theory provides us with just 
such a model (see (2.3) and (2.1»)) through the choice of ho(y) ando<(y) or, 
alternately, lo(y), -f,(y) and ^^(y). 

For numerical calculations, it is best to choose a number of suitable 
spanwise modes (l) for each of and ^ , as we have done for the 

chordwise motion of the wing. The associated numerical sch^es can be 
developed from those presented in Appendix B for the rigid wing, after 
straightforward modifications. This also determines the size of the 
matrices of the quadratic forma for the energetic quantities. For example, 
if we choose three modes for each of and f ^ ^^® 

resulting matrices will be 9x9 (in contrast to 3x3 for the rigid wing). 

Numerical Examples 

To study the influence of the three-dimensional corrections on the 
spanwise distribution of the energetic quantities, we consider a rigid 
elliptic wing in pitch and heave. Since the wing is spanwise symmetric, 
the calculations are done for half of the span, at eight stations with the 
station closest to the tip located at y® = .9999. The stations are the 

abscissas of the sixteen-point Legendr e-Gauss quadratvire (for the full 
span) for the normalized spanwise angular variable (2/-n’ cos'y* - 1). 


( 1 ) 

The actual number depends on the particular modes chosen and the desired 
accuracy. 
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Calculations are carried out for s 0, 0.1 and 0.3. To Indicate the 
extent of the three-dimensional corrections, In each case, the 
corresponding strip- theory result (ST) is also shown. 

The spanwlse distribution of the average power required to maintain 

the wing oscillations for an elliptic wing (A s 8) in heave and pitch are 

shown respectively in Figures 4.2 and 4.3. The numerical results are 

obtained from (4.14). It is seen that the three-dimensional theory 
predicts less power than the strip theory. This is due to the fact that 
the three-dimensional effects normally reduce the amplitude of unsteady 
lift and moment, as was seen in Section 3 >4. We also note that it takes, 
more power to oscillate a wing at higher k^, as expected. 

Before presenting the numerical results for the leading-edge suction 

force, it is instructive to consider the suction force for a 

two-dimensional adrfoll. This is obtained from (4.33) with the unsteady 

induced downwash set equal to zero (W* =0). Figure 4.4 depicts the 

3 

average suction force for a two-dimensional airfoil in heave and pitch as a 
function of the reduced frequency k. It is seen that, with increasing k, 
for the heaving airfoil, the average suction force increases monotonlcally, 
whereas for the pitching airfoil, it first decreases to about one half of 
its steady value and grows nanotonically thereafter. The unexpected 
behavior of the latter is due to the influence of unsteady effects on the 
flow around the leading edge. In the limit of steady flow, the average 
suction force- for the pitching airfoil approaches one half of its steady 
value of 8 (the reason for the extra factor of 1/2 was given earlier). 

The spanwise distribution of the suction force for an elliptic wing (A 
= 8) in heave and pitch is calculated from (4.33) and shown respectively in 
Figures 4.5 and 4.6. It is seen from the figures that the 
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three~dlmenslonal effects reduce the suction force. This Is because the 
Induced downwash normally opposes the flow around the leading-edge, thereby 
reducing the strength of the leading- edge square-root singularity and, 
hence, also the suction force. The variation of the suction force with k© 
for both wings Is consistent with the basic two-dimensional results In 
Figure 4.4. 

We also note that for both wings, for = 0.3 In a small neighborhood 
of the tip, the suction force becomes negative. But we know, on physical 
grounds, that the suction force must be positive or zero everywhere along 
the span. The explanation for this lies In the higher-order correction 
term of order IWj^l^ ln the expression for C^^(y*) which we discarded. This 
term Is always positive. The correction term of order which was 
retained, on the other hand, can become negative. As we saw In Section 
3.4, near the tips and at higher k^ , the amplitude of W-j^ can become large. 
Under these condtlons (and In the absence of the I W 3 ;^ I term ), the term 
can become large and negative and overtake the two-dimensional term which 
Is always positive, thereby producing an overall negative result. 
Retaining the term will always prevent this occurrence, but the 
related steady result will be Inconsistent with that of steady llftlng-llne 
theory which contains only the W-j. term. As pointed out In Section 3.4, the 
llftlng-llne results near blunt tips are to be considered only as a rough 
approximation, since the actual flow field does not become two-dimensional 
no matter how large the aspect ratio. Since the region of negative suction 
force constitutes only a small neighborhood of the tips (of the order of 1 $ 
of the semi span, in the above examples) and since the suction force Is 
tending to zero at the tips, we expect the effect of this on the total 
thrust to be negligible. 
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The spanwise distribution of thrust for an elliptic wing (A a 8) In 
heave Is also shown In Figure 4.5 and was discussed In the above In 
relation to the suction force. This Is because, for a heaving wing, the 
normal force at the wing Is always in the z-dlrection and hence all of the 
thrust Is supplied by the suction force. The spanwise distribution of 
thrust for an elliptic wing (A s 8) in pitch is shown in Figure 4.7 for 
ko = 0, 0.1 and 0.3. For these values of k^, the pitching wing produces 
drag (see the corresponding two-dimensional results in Figure 6.7). It is 
seen that, In the steady limit, we obtain one half of the sectional Induced 
drag for an elliptic wing at Incidence, as pointed out earlier. In Figure 
4.7) the reason the magnitude of the three-dimensional results is larger 
than the corresponding strip-theory values is the additional drag 
associated with the trailing vorticity which is absent in the strip theory. 

All of the spanwise distributions presented in this section display 
the property that, with increasing k^, the three-dimensional results 
approach their strip-theory values, as expected. 

Next, we consider the overall propulsive performance of an oscillating 
rigid wing and ask what level of thrust the wing is capable of 
producing and at what hydrodynamic efficiency ^ . It should be noted that 
the calculation of , (4.54), requires the calculation of two of the three 
quantities Cjr, C (p and Cg , with the third determined from conservation of 
energy, (4.53). 

In order to correlate the present numerical results with the: limited 
numerical lifting-surface results available, we temporarily adopt 
Lighthill's description for the wing displacements (see Lighthill (1970)), 


namely 
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'^Cx,Vy't) = tV\,_ — j C<L c ^ — )*] ^^ lX\^C(V)/A 

C4.S5^ 

where h^ and are real quantities with respect to j, signifying the 
amplitude of heave and pitch respectively. The phase difference between 
the two modes of oscillation is 90* and the position of the axis of pitch 
is given by x = b|_, z = 0. This description of the wing motion is 
completely equivalent to that employed in the present work (see (2.3) and 
(2.4)). The explicit relationships between the two are given in the next 
chapter. 

The total value of the energetic quantities for the wing are obtained 
by Integrating the spanwlse distribution of these quantities using 
Legendre-Gauss quadrature together with a spanwlse cosine substitution to 
handle numerical difficulties arising at blunt wing tips (as in Appendix 
B). Through numerical experiments, a sixteen-point Legendre-Gauss 
quadrature scheme was found to be adequate to obtain three decimal places 
of accuracy. Taking advantage of the spanwlse symmetry, all of the 
necessary integrals are carried out for half of the span and the results 
doubled. Further, all of the required spanwlse integrals are evaluated 
simultaneously so as to save computation time. The Integrands Involve the 
unsteady induced downwash and various special functions, with most of the 
savings coming from fewer calculations of the former. 

Figure 4.8 depicts the strip-theory results for and - for an 

elliptic wing in combined pitch and heave, with the axis of pitch located 
at 3/4 of the center-section chord, for several values of Lighthill's 
feathering parameter 
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/ ( CO (4*56) 

0j_ is a measure of the deviation of the wing slope from the tangent to the 
path traversed in space by the pitch axis. 0 l “ ^ represents perfect 
geometric feathering and 0 l = 0 represents pure heaving motion. The 
results closely resemble the corresponding two-dimensional ones of 
Lighthill (1970) with ^ tending to 100$ as k„-»-0 for all values of as 
expected. It should be noted that, as k,-^0, all configurations with 
Q^_ 4 0 tend to pure heaving motion as can be seen from the following form 
of (4.56). 

©L ^ <Xl /[k'o Kl (4.S7^] 

In the absence of numerical lifting-surface results for oscillating 
elliptic wings, here we correlate the results of the present theory for an 
elliptic wing with those of Chopra and Kambe (1977) for a. rectangular wing. 
See Figure 4.9. Both wings are of A = 8, oscillating in combined pitch and 
heave, with the axis of pitch located at 3/4 chord (at the center section 
for the elliptic wing). 

Based on experience from steady flow, one might expect the elliptic 
wing to have better propulsive performsuice than the rectangular wing. 
Also, the calculations of Bennett (1970) for a linearly flapping wing 
indicate that- the elliptic wing has better performance (C^ ..and '^ ) than 
the other pleuiforms considered including the rectangular one. While this 
may not be true for all modes of oscillation, it indicates that one might 
expect, at least in some cases, better performance from the elliptic wing. 
In Figure 4.9, we find the elliptic wing to have comparable and in most 
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cases higher and ^ than the rectangular wing, except for low kg where 
^ for the elliptic wing drops unexpectedly. As k,-*-0, we expect to 
continue to Increase because, as pointed out earlier, for all 0^, the wing 
motion tends to pure heave (see the corresponding two-dimensional results 
In Figure 6.7). This behavior seems to be directly related to the 
unexpected behavior of the curve for low and moderate A discussed In 
Section 3.4 (see, e.g.. Figures 3*30 and 3.33). Figure 4.10, which depicts 
and »] for an elliptic wing of A = 16, also gives support to this 
argument. In that, for A = 16 the drop In at low k^ has all but 

disappeared. In the same way that the corresponding behavior of the 
curve also disappears for A = 16 (see Figures 3.31 and 3.34). We also note 
that, with Increasing k^ and/or A (within the range of validity of the 

unsteady llftlng-line theory) , the present three-dimensional results 
approach their strip-theory counterparts, as expected. 

We end this section with a comparison of the recently published 
numerical lifting-surface results of Lan (1979) with those of Chopra and 
Kambe (1977). Figure 4.11 depicts Cj and. >] from the two theories for a 
rectangular wing In combined pitch and heave, with cucis of pitch located at 
3/4 chord. The values of from the two theories agree quite well. 

However, the values of predicted by Lan's theory are generally smaller 
them those of Chopra and Kambe. The same trend Is observed In the 
comparison of C^ from Lan's theory and that of Bennett (1970) for a 
linearly flapping rectangular wing (see Leui (1976)), where the values of 
C^ predicted by Lan's theory are considerably smaller than those of 
Bennett. In the absence of an exact analytic theory with which to compare 
(for the rectangular wing) , we conclude that there is need for further work- 
on numerical, lifting-sxirface theories for the purpose of calculating the 
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propulsive performance of oscillating wings. 

Region of Validity of Unsteady Llftlng-Llne Theory 

A tentative discussion of the region of validity of the present 

unsteady llftlng-llne theory (In a k, - A diagram) was presented In Section 

3.3 and shown In Figure 3 . 9 . On the basis of the calculations and 

correlations presented in Chapter III and the present chapter, we now 

continue that discussion, seeking to refine that picture (1), First, a few 

remarks are in order concerning the order of magnitude of the errors. 

Since the present theory is an asymptotic one for large aspect ratio, 

the accuracy of the results improves with increasing A and vice versa. The 

—2 

order of magnitude of the errors in the present theory is 0(A ). This 

represents an error of the order of 11$ for A = 3 >4$ for A = 5 and 1$ for 

A = 10, as shown in Figure 4.12. Also shown in this figure is a curve 

corresponding to errors of 0(A~*) which may be thought of as the errors 

involved in using the strip theory alone (for a high-aspect-ratlo wing) or 

the Order of magnitude of the corrections to the latter by the present 

—a 

lifting-line theory. A third curve represents errors of 0(A ), namely 

those associated with the next higher-order lifting-line theory. It is 
seen that the first-order theory represents significant corrections to the 
strip-theory results, with small residual errors of only a few per cent for 
A > 5 . Further, on the basis of the order of magnitude of the errors, 
there seons to be little gained by developing a higher-order lifting-line 
theory (considering that we have neglected viscous and nonlinear effects). 


( 1 ) 

Ideally, at least some of the present calculations should be carried out on 
a reliable unsteady numerical lifting-surface program for comparison. 
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However, such a theory may be advantageous in refining some of the details 
of the present theory, thereby also improving the region of validity and 
the accuracy of the theory. 

Figure 4.13 depicts the region in a A diagram where the present 
theory is most accurate and useful. In the light of the above discussion, 
we have marked off the area for A < 5 as the region where aspect ratio is 
too small for the theory to give good accuracy. 

Another implication of the assumption of large A, in the present 
theory, is that the reduced frequence based on the wing semi chord c(y)/A 
is small. As pointed out earlier, this means that the theory is restricted 
to lower values of k^. This is roughly indicated in .Figure 4.13 by the 
broken and solid lines (taken fran Figure 3.9) to the right of which, 
respectively, the phase and amplitude of induced downwash gradually start 
to diverge, with the latter causing larger errors in the results. In fact, 
the results are found to be valid well to the right of the broken line, as 
shown in Figure 4.13 by the crosshatch ed area. 

As mentioned earlier, in the steady limit, the present theory reduces 
to the classical steady lifting-line theory. We also saw, in Sections 3*4 
and 4.2, that, for small kg and moderate A, some of the total aerodynamic 
coefficients for the wing display certain unexpected behavior (see Figures 
3.30, 3.33 and 4.9). As pointed out in Section 3.4, this might be due to 
the term containing k, log in the Induced downwash, (see (3.37a) and 
(3.37b). This behavior, however, is not fully understood and calls for 
further Investigation. Further numerical lifting-surface results will be 
helpful here. This behavior may turn out to be an inherent weakness of the 
present theory, in which case, it might be necessary to carry out the 
analysis to one order higher in inverse aspect ratio to resolve it. 
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For the present purposes, we Identify the region In question (small ke 
and moderate A) In the ko *• A diagram. Figure 4.13, as one where the error 
band of the present theory Is wider than that at higher ko, though perhaps 
smaller than that for steady llftlng-llne theory, as suggested earlier. 

The unshaded area In Figure 4.13 roughly depicts the region where the 
present theory Is moat accurate and useful, with the accuracy Improving 
with increasing A. This region encompasses a larger range of values of ko 
and A than originally anticipated and contains values of k^ and A which are 
of greatest interest in applications. 
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CHAPTER V 

OPTIMUM MOTION OF THRUST- PRODUCING 
LIFTING SURFACES 


U Introduotlgg 

The optimum shape problems considered here involve the determination 
of those transverse displacements of a lifting surface which produce a 
prescribed level of thrust at minimum energy cost in maintaining the 
oscillations. The primary motivation for these studies is to gain a 
clearer understanding of the high efficiencies observed in certain modes of 
animal propulsion in nature, such as bird flight and fish swimming. The 
general theory . may also be. useful in other applications, such as in 
aeroelasticlty and optimum energy extraction from fluid streams. 

Undoubtedly, the highly refined aerodynamic shapes and motions of the 
animal as a whole and the thrust-producing lifting surfaces in particular 
pla:y a key role in achieving, high efficiencies. In the current study, we 
are concerned with wing motions of birds with high-aspect-ratio wings and 
small to moderate flapping amplitude, such as gulls and albatross in 
cruising flight. In the aquatic realm, we are concerned with similar 
motions of high-aspect ratio lunate tails, typical of many fast-moving 
fish, such as sharks and the cetacean mammals. Such wing and tail motions 
are typically associated with relatively high Reynolds numbers, of the 
order of 10^ and higher (based oh a characteristic chord length). Under 
these conditions, viscous effects are confined to a thin boundary layer at 
the surface and a thin trailing vortex wake. Outside the boundary layer 
and the wake, the flow may be treated as potential. The Inertial forces. 



137 


which are much larger than the viscous forces, are primarily responsible 
for the propulsive forces. The viscous forces are responsible for skin 
friction and creation of circulation around the wing (Kutta condition) and 
only in the latter role do they affect the propulsive forces. Thus, the 
aerodynamic quantities of interest can be obtained frcm a potential flow 
model based on linearized unsteady wing theory. 

In two dimensions, the only rigorous analysis of the optimum shape 
problem is due to Wu (1971b) (1) who considered a rigid and a flexible 
airfoil. His study is based on the aerodynamic theory of Wu (1971a) and 
includes a detailed analysis of the optimum motion of a rigid airfoil in 
small- amplitude combined pitch and heave and a discussion of the general 
case of a flexible airfoil. He finds that (in two dimensions) the optimum 
solution is not unique. 

In three dimensions, there has been no rigorous study of the optimum 
shape problCT. This is in part due to a lack of an adequate 
three-dimensional unsteady aerodynamic theory with closed-form results. 
Here, it is desirable to determine the optimum shapes and motions of rigid, 
semi-rigid and flexible lifting surfaces. 

In this chapter, Wu’s solution for the optimum motion of a rigid 
airfoil is recast in terms of the normal modes of the matrix of the 
quadratic form for energy loss rate. This sheds some light on the 
structure of the optimum solution. Then, using the results of the present 
unsteady lifting-line theory in Chapter 17, the optimum motion of a 
three-dimensional rigid wing is determined. Numerical results for the 


( 1 ) 

In a parallel study, Wu (1972) has determined the optimum mode of energy 
extraction from gravity waves by means of an oscillating rigid airfoil. 
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optimum are presented for an elliptic wing over a range of reduced 
frequencies and for several aspect ratios. 

^.2 Optimum Motion of a Rigid Airfoil 

The general problem of determining the optimum shapes and motions of 
an oscillating lifting surface may be stated as follows; from within a 
prescribed class of shape functions h(x,y,t), find the optimum one which 
minimizes the mean energy loss rate subject to the condition of fixed mean 
thrust . 

In this section, we focus attention on the optimum motion of a rigid 
airfoil oscillating In combined pitch and heave: 

i to't 

h (X,-k) = [x ^ iXUc Cs.t) 

This is the same as (2.4) with c(y)/A replaced by c. The energetic 

quantities for this case can be obtained fran the three-dime ntlonal results 
of Section 4.2, after replacing c(y)/A by c and setting the induced 
downwash = 0. In two dimensions, we denote the average value of the 
energy loss rate, the power required, the thrust and the auction force, 
respectively, by E, P, T and Tg, and define the non-dimensional 
coefficients 

= e / L 5- (5.2) 

= P/ 0^ c] (S.3) 

= T / C5 


CS.4) 



139 





(s.g) 


In matrix notation, the corresponding quadratic forms are given by 
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where D(k) 

and B(k) 

are defined in (*».34) and F and G are the 

real and 

imaginary 

parts of 

Theodorsen' 

'3 function (see (2. 

42) and (2.44). 

k is the 



reduced frequency k =(>Jc/n. The above results are In full agreement with 
those of Wu (1971b). 

The optimum problem under consideration Is to minimize the quadratic 
form Cg subject to the constraint 

^ C-r^o >o <kS.\A) 

This variational problem is equivalent to minimizing a new function 
C g = Cg-'X Cp subject to the same constraint, “X being a Lagrange 
multiplier. Wu (1971b) has pointed out that application of variational 
methods to this problem falls to yield the optimum because the quadratic 
form Cg is singular (1) , since of the three eigenvzilues of E: 

ju^=G •= BCM (4 + k^) = B(lc') (44^Jc^) 

one is identically zero. He points out that the quadratic form must 
first be reduced to a nonsingular one of a lower order which is then 
tractable by the usual variational methods. 

Here, we first indicate the general method of reducing the singular 
quadratic form C^. This also points out the advantage of Wu's approach to 
the problem. Wu's solution is then presented and recast in terms of the 
eigenvectors (normal modes) of E to sh^ light on the structure of the 
optimum solution. 

The reduction of the singular quadratic form Cg is formally 
accomplished through the orthogonal transformation 

§ = s r (s.is) 


( 1 ) 

Cp is indefinite in two and three dimensions. 
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where 5. = and ^ is the orthonormal modal matrix of The 

successive columns of ^ consist of the normal modes of ^ (in normalized 
form). Putting (5.15) in (5.6), we obtain 


Cg = e' I 

=■ BCU [ (.4+ k.2) r,^ + ( 4 + 2 Jj' ] 


(s-i6) 


where 

e" = E S CS^\^) 


is a diagonal matrix consisting of the respective eigenvalues of The 

singular quadratic form Cg is thus reduced to the canonical form involving 
two variables. After writing Cp in terms of the nw variables, we proceed 
! with the usual variational approach. This, however, leads to an 8th. degree 

algebraic equation in A • For given k, the roots can be determined 
numerically. The optimum solution is the one corresponding to the highest 
. In thin way, various aspects of the optimum solution can be determined 
numerically, but it requires a considerable amount of work. This 
demonstrates the advantage of Wu*s (1971b) method which leads to a 
quadratic equation in X which can be solved analytically, with the 
subsequent study of the optimum problem requiring much less work. 

Before considering Wu's solution, we first discuss the normal modes of 


E, in terms of which, the solution will be recast. These are given by 




^ 14+ 1 2- V 
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"1^ /^3 (S.2o) 

The first and third modes consist of combined pitch and heave whereas the 
second mode represents ptire pitching motion. The first mode has some very 
interesting properties and plays a central role in the present optimum 
solution. Hence, we discuss its properties in some detad.1. 

It can be shown, from (5.6) - (5.9)» that for = 4^, 

£=■^=^^=0 or Cg = Cp-C^=o (S-Zl) 

aa 

9, is, in fact, the same as the special set of values CS, of Wu 
(1971b), who ^ihts out that these are a direct result of the condition 

to b, ^ O (S .22) 

where b„ are the coefficient of the chordwise Fourier cosine series 
representation of the downwash at the edrfoil Wq (as in (2.38e) and 
(2.38f)). Condition (5.22) also corresponds to zero circulation around the 
airfoil. This can be seen from (2.38e), (3.25) and (3.29) (after repalcing 
c/A by c), namely that 

P ^ /V. (bo -hbt) (S-Z3) 

and, hence, no vorticity is shed from the airfoil. In passing, we note 

that (5.22) and (5.23) are also valid for a flexible airfoil. 

In the light of the above considerations, we will refer to as the 
invisible mode. It must be rioted that, due to the unsteadiness of the 
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airfoil motion, the leading-edge suction force Is nonzero and, hence, the 
thrust from the normal force Is also nonzero (Tp = -T, 0). Further, the 
unsteady lift and moment are nonzero due to the added mass effects. 

Wu (1971a, 1971b) has shown that Cg ^ Ib^ + b, 1^ and Cp'>- (b^ + b,). 
It follows that the hydrodynamic efficiency of the invisible mode Is 100$. 
This is analogous to the Froude efficiency of a propeller which tends to 
100$ as the disc loading vanishes. Since the invisible mode violates the 
condition of fixed positive thrust, (5.14), by itself it does not 
constitute the optimum. 

The invisible mode is perfect unsteady feathering. It can be shown 
that, as k->0, the invisible mode tends to perfect geometric feathering 
(or quasi-steady feathering) where the airfoil pitching motion is such that 
the airfoil stays tangent to the path traversed in space by the heaving 
motion of the pitch axis. 

The amplitude ratio and the phase advance of pitch relative to heave, 
defined respectively as 

= 1iu:' CSi /S, ) (S.ZS) 

are shown for the three normal modes of £ in Figures 5.1 and 5.2. For 
obvious reasons, is not defined for the second mode. The quasi-steady 
feathering results are also shown for reference. It is seen that, as 
suggested in the above, the invisible mode tends to quasi-steady feathering 
as k -*• 0 . 

Wu's (1971b) solution for the optimum problem at hand, is presented in 
Figures 5.3 - 5-7. Shown are V| , z^, and versus k and C j ^ 



versus (defined below). The numerical results are obtained from a 

computer program which employs Wu's method. Vu's analysis shows that is 
a free parameter in the problem and, hence, the solution is not unique. 

the proportional loading parameter, is also a free 
parameter. In Figures 5.3 " 5.5, the lines designated k s k^ and k = k„, 
denote respectively the value of k below which no optimum exists and the 
value of k for which the fraction of thrust coming from the leading-edge 
suction force is a minimum as determined frcxn Figure 5.6, where it is seen 
that outside a small range of k surrounding k s k^, the contribution of the 
suction force becomes so large as to be difficult to realize in practice 
without leading-edge stall. We will refer to the optimum motion for k = k^ 

as the superoptimum. Wu has pointed out that, in practice, it Is 

preferable to operate at values of k slightly larger than k^ where Z^and 
vary relatively slowly and is somewhat higher. The superoptimum 
line in Figure 5.3 indicates the advantage of operating at low 
corresponding to large heave amplitude; Small values of render the 

optimum valid to lower k and make. V| larger at the same k. Figure 5.4 
indicates that the optimum normally involves a ^all amount of pitch 
relative to heave, of the order of 10$. Figure 5.7 depicts kj. as a 
function of C^„. For given *0,.^, the optimum exists for k ^ k^. For 
further details of the present optimum problem see Wu (1971b). 

In Figures 5.3 - 5.5 » H , Z^and for the invisible mode are also 
shown, superimposed on Wu’s solution. It is seen that, with decreasing 
and/or increasing k, the optimum solutions approach the invisible mode 
which forms an upper envelope for the family. This leads us to believe 
that the invisible mode must play a’ central role in the optimum solution. 

In order to understand the structure of the optimum and the role of 
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the Invisible mode In It, we recast the solution In terms of the normal 
modes of ^ (one of which Is the Invisible mode). Thus, denoting the known 
optimum solution by f *, we set 

3 

i‘= Z (s-zs) 


where the weighting functions Yj indicate the amount of each of the modes 
in and are given by (5.18) - (5.20). To determine 'i^, we 

premultiply both sides of (5.26) by c|)j and use the orthogonality property 
4j obtain 

= 4^1 J = (5.2?.) 


The three equations in (5.27)- determine only two of the three 
functions Yj , ^2. Y3 because, as mentioned earlier, f ^ is arbitrary. 
Thus , we find 


+ 4>2Z (s*/r.) +<¥ Z3 
‘^>11 + 4iZ-U,'^/So) + +,3 (5t/fo) 




+ +,Z t 4»,3 


( S', zd) 


and rewrite (5.26) as 

£*■ =^,[ 4 ^ + ^ + ] (S.30) 

where we have chosen the amount of the invisible mode Y , to be the free 
parameter rather than . Accordingly, we replace Wu’s proportional 
loading parameter C^^with a modified loading parameter Y, which 
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is related to the former through 

^T,o = ^r,o [4>„ + +(1 ,/'«,) +3, Y (S.30 

The numerical results for the recast optimum 2U*e obtained from the 

numerical values of and which are obtained from the above 

mentioned computer program for calculating Wu's solution. The amount of 

the second and third modes, relative to the Invisible mode, present In the 

solution, are shown In Figures 5.8 and 5.9 • It Is seen that In general, 

with decreasing and/or Increasing k, both andt 3/'Y, diminish, and 

the Invisible mode Increasingly dominates the solution. Figure 5.10 

depicts as a function of k and We note that, for small values of 

— — 

k and This Is due to the fact that, under these 

conditions, the solution Is dominated by the Invisible mode which tends to 
pure heave as k-^ 0 (see (5.18)). 

The results for the recast Optimum are summarized In Figure 5.11 - 

— —4 —3 — i 

5.13 for = 10 , 5 X 10 and 10 . The figures depict as a function 
of and Y3/Y1 with k and as parameters. It Is seen that In 

general the optimum consists primarily of the Invisible mode with a small 
amount of the third mode (of the order of 10$) and even a smaller amount of 
the second mode (of the order of 1$). The invisible mode Is responsible 
for the high achieved by the optimum, whereas the other modes are 

necessary to attain the prescribed level of thrust. We also note that the 
superoptimum achieves higher at lower veilues of as was pointed out 

earlier. From the recast form of the optimum, it becomes clear that the 
reason for the nonuniqueness of the present solution is the Invisible mode, 
eui arbitrary amount of which (.'^^) is present in the solution. 

strictly speaking, the recast results should be presented with as 
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a parameter rather than as 1° above. However, since there Is a 
one-to-one correspondence between and OJj (as seen from (5.27) with 
j = 1) and, hence, also between and (as seen in Figure 5.10), the 
above presentation is adequate. 

Wu (1971b) has also considered the general optimum shape problem for a 
two-dimensional flexible airfoil (infinite degrees of freedom) . He finds 
that Cg is singular (1), as one would expect, and that the nonsingular form 
of Cg is again of order two. He finds that the optimum shape h(x,t) can be 
determined only to a certain degree but not to the extent of finding a 
unique h(x,t). This lack of complete determinateness of the optimum shape 
problem, he points out, is an intrinsic featvu’e of the problem. 


5.:^ Optim um Motion of a Rigid Wing 

In this section we employ the present unsteady iifting-line theory 
(Chapters II - IV), to study the optimum motion (2) of a high-aspect-ratio 
rigid wing in combined pitch and heave: 

L I ^ 

3 ( Co /A ) So -V ( 5, -1- j §2, ) e 

\XK.CIV)/A 15.3Z) 


(see Figures 2.3a and 2.3b). The use of lifting-line theory restricts the 


( 1 ) 

For a flexible airfoil, the condition (5.22) corresponds to an infinite 
family of invisible modes. 

( 2 ) 

Here, we could alternately use the results of Chapter VI which are valid 
for eill wing shapes and motions and all reduced frequencies. However, the 
subsequent analysis eind computation of the optimum motion would be 
considerably more tedious. 
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analysis to wings of large aspect ratio, with slender planform (see Section 
3 . 3 ) and relatively low reduced frequencies (based on semi chord). 

The needed energetic quantities have been calculated In Section 4.2. 
In matrix notation, they are given by 

Cg ^ ^ £ (S- 33 ) 

= |7 ^ 1 (S.34) 

2^ £ (S. 3S) 

i 

where H » (? > and are the respective matrices of the quadratic 
forms. They are symmetric by construction and have the properties In 
(4.19). 

Here, aa In two dimensions, the quadratic form Is Indefinite and 
It Is crucial first to Identify the type of the quadratic form Cg . To 
this end we tanporarlly adopt the strip-theory viewpoint and Investigate 
the possibility of distributing two-dimensional Invisible modes across the 
span. It follows from (5.22), (5.32), (2.38e) and (2.38f) that the 

Invisible mode at station y 1s given by 


= -Icok / (4+ 
Sz/S. = -z U., /(4-vU-) 


(S.3») 


Here, the right hand sides are functions of y because k = k(y), but the 
left hand sides are fixed since the wing is rigid. Therefore, (5.37) can 
be enforced at one or more ■ spanwise stations 
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(depending on the planform) but not at eQ .1 stations (for reasons already 

mentioned, we exclude the rectangular planform). Wherever (5.37) is 

violated, spanwlse vortlclty is shed and the circulation is nonzero and 

varies with y which gives rise to trailing vortlclty. Including the 

three-dimensional effects modifies this picture slightly, but, since the 

corrections are of higher order, the basic picture r«nains the same. 

Physically, this means that there exists no nontrivial unsteady motion of a 

rigid wing which does not produce a wake of vorticity. In other words, 

there exists no invisible mode for the rigid wing of finite span and is 

c 

positive definite. 

The optimum problem at hand may be stated as: minimize the quadratic 

form subject to 

^7 "" ^7.0 (s-38) 

As in two dimensions, this is equivalent to minimizing a new function 

Cg s Cg - C 0 ) subject to the same condition, 'X being a Lagrange 

multiplier. Denoting the elements of ■£ and ^ by E;;j and P*j 
respectively, we have 

^11 fo + ^ ^IZ 

— P|| -|- Pzz ( %-z ) + ^ P)2. ^0^1 ^ ^13 

Since Cg is positive definite, the optimum is obtained . using the usual 
variational methods. Thus, we set 

-XC<3>) 


= o 


L = 0,1, Z 


(S.40 
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= ^(? - = ^0,0 >° 
l3 the solution of the cubic secular equation 

IS - = 0 

or 

(Ez2. ^2Z ') ^22 

- C £|3 - P |3 )^] =0 { 5 . 43 ) 

The root corresponds to pure pitching motion which clearly is 

not the optimum. The remaining roots, 'X, and are the solutions of the 
quadratic equation . 

+ h'X C =r O ^S.44) 

where 

a = p„ - p,^ _ P|| 

b = 2E,i P,j + Z Ei 5 F,J - E„Pjj -Ezj. P„ (.S.4S) 

C.— E.(jE2.2. 

A, and would be real, as required for physically meaningful solutions, 
if b^ - i»ac ^ 0. 

Substituting A. in (5.41), we obtain 

§,/fo — (^i2~^ P|zV/(^zz~^ p2z ) (5 . 
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§2 /S, = -(e,3-'XP,3)/(E7J. Pjz) (S.473 
The hydrodynamic efficiency is given by 

(f, /So) -hZ£,3(§2/?„) ,5^43 j 

P|i + + Xp,2_Cf,/fo )-<*« Pie(Sz/fo) 

The \ corresponding to the larger (0 ^ 4 1) is the optimum. is 

then obtained from condition (5.42). 

~ ^Si;o { ~ ^ ~ (Sz /So 

+ 2- (P,Z-E|zKS,/5o) + 2-CP,5-E,3)tSz/Jo)}''' 

In analogy with the two-dimensional optimum, we may rewrite this as an 
expression for the proportional loading parameter ^'20^ ^^.0 /|^. It is seen 
that, in contrast with the two-dimensional case, the present Optimum 
solution is unique. This is a direct result of being positive 

definite. 

The amplitude ratio and the phase advance of pitch relative to heave 
are obtained from (5.24) and (5.25). The fraction of thrust coming frcsn 
the leading-edge suction force is given by 

Cjr^/c^ =(C5.„r' I K„ + Kzz[l5./So)"-H-(Sz/Sof] 

~i~ 2 K C§i/5o)4^K(3C5z/So)j (^•‘50) 

where K^j denotes elements of ^ (see (5.36)). 

In understanding the present optimum, it is helpful to express the 
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solution in terms of both the present description of wing displacements, 
( 5 . 32 ), and Lighthill’s alternate description, (4.55) (Lighthill (1970)). 
As mentioned earlier, Lighthill's description is completely equivalent to 
the present one. In fact, it can be shown that in the present notation 


>iL/(C<,/fl) ■S'" 

<=<L - \/s,^ + = S, 2^ (S.SZ) 

b,. /(c,/fl) = _X CoS / (S. 53 ; 

Further, Lighthill's proportional feathering parameter, (4.56), becomes 

0^ =» - Z CSC o(^ / ko (S-S4) 


Numerical results for the optimum are obtained from a program that 
employs the present unsteady lifting-line theory and the above analysis. 
Figures 5.14 - 5.18 depict the optimum motion for an elliptic wing in terms 
of the present notation and also that of Lighthill. Calculations are 
carried out for 0 1 emd A = 8 and 16. Strip-theory calculations are 
also shown, for comparison. For each A, the results are cut off at the 
value of corresponding to the range of validity of the lifting-line 
theory at the given A (see Figure 4.13). It is seen that, with increasing 
A, the three-dimensional results approach the corresponding strip-theory 
values as expected. The strip theory optimum was, edternately, obtained 
using Wu’s aerodynamic theory (Wu (1971a)). Numerical results for an 
elliptic wing show complete agreement. This series as a check for the 
present analysis. Figure 5.14 shows that the highest is achieved by the 
strip- theory case. This is due to the absence Of the unsteady induced 
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downwasb vfhlch normally Increases Cg , decreases and, hence, reduces 
= 1 - Cg/Cg) (as explained in Section 4.2). 

Also shown In Figure 5.14 is the optimum motion in terms of 
Llghthlll's notation. We note that the optimum position of the pitch axis 
is at about 73J-r*oot chord and remains fairly constant with increasing k^. 
In relation to first we recall that 0^_ = 0 and 0^_ s 1 represent pure 
heave and perfect gecmetrlc feathering respectively. To understand the 
behavior of 0j_ for the optimum, we consider the two-dimensional 
quasi-steady case where for positive (average) thrust 0 < 0|_ < 1; for zero 
thrust 0j_ = 1 ; and for negative thrust 0|_ > 1 . These ideas can be seen in 
Figure 5.19» recalling that, in quasi-steady flow, thrust is just the 
horizontal component of lift. In three-dimensions, the Induced downwash 
normally reduces the effective incidence of wing sections, thereby reducing 
the thrust. In order to restore the thrust, we increase the effective 
incidence of the wing by lowering 0^_ further below unity. This, on the 
one hand, represents a greater angular deviation of the wing from geometric 
feathering in the direction of positive thrust (0 < 0j_ < 1), and, on the 
other, is a reduction in pitch amplitude (measured from the horizontal). 
We see the same trend in Figure 5.14 where 0|_ for cases of finite A are 
farther below unity than the strip theory values. Presumably, the same 
trend holds at higher k^ (as seen in Figure 5.14) where the problem is more 
complex due to the unsteady effects. 

Figures 5.15 - 5.17 depict the optimum motion in terms of the present 
notation. With decreasing aspect ratio, Figure 5.15 indicates a slight 
reduction in the amplitude of pitch relative to heave; Figure 5.16 shows a 
slight increas in phase advance of pitch relative to heave; and Figure 5.17 
shows cin increase in the proportional loading parameter. As mentioned 


154 


earlier, since is prescribed (see (5.38)), Figure 5.17 is to be 
Interpreted as giving (nondlmenslonal heave amplitude) which decreases 
with decreasing A and/or increasing k, . It is, thus, seen that, with 
decreasing A, both pitch and heave amplitudes are reduced. Further, the 
behavior of in Figure 5.14 and in Figure 5.15 indicate that the 
amplitude of pitch is reduced more than that of heave (nondlmenslonal). 

From the above considerations, the three-dimensional optimum can be 
described as follows. Compared with the strip-theory case, the wing of 
finite aspect ratio oscillates with smaller heave amplitude. This is 
because, for fixed kg, the larger the heave amplitude, the stronger the 
trailing and shed vortlclty and, hence, the stronger the unsteady induced 
downwash which 'tends to reduce r| as explained in the above. With smaller 
heave amplitude, we ask how the wing maintains the prescribed level Of 
thrust. The answer lies in the pitch amplitude which, measured fron the 
position of perfect gecmetric feathering (9^ = increased in the 
direction of increasing thrust (0j_< 1). 

Figure 5.18 depicts the fraction of thrust coming from the 
leading-edge suction force. The ratio decreases with decreasing A, as 
expected, since the unsteady Induced downwash then grows stronger and this 
reduces the suction force (as pointed out in Section 4.2). We note that, 
in contrast with the two-dimensional optimum, here there is no superoptimum 
(ico s 0 is a trivial solution). Figure 5.18 indicates the range of k^ 
where is acceptably small. * For example, for (C^^./C^)< 40$, 
kg < 0.2 which is a scxnewhat small range. Chopra and Kambe (1977) i using a 
numerical unsteady lifting-surface theory, have found that, for fixed 
thrust, leading-edge sweepback reduces C^^/C^for sweep angles up to about 

o 

30 , beyond which efficiency drops markedly. Leading-edge sweepback, thus. 
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Increases the range of k, where /C^ is acceptably small. 

In summary, we notice the following differences between the two- and 
three-dimensional optimum solutions (rigid airfoil and rigid wing ). The 
three-dimensional optimum solution Is unique while the two-dimensional one 
is nonunique. The numerical examples considered indicate no k(.and k^for 
the three-dimensional optimum. Hence, contrary to the two-dimensional 
case. In three-dimensions there Is no superoptimum and the solution seems 
to exist for all reduced frequencies. The above differences also make 
Wu's strip-theory application of the two-dime nslon 2 d optimum to a 
three-dimensional rigid wing questionable (Wu (1971b)). 

We end this section with a few comments on the optimum shape problem 
for flexible wings. In particular, we consider the semi-rigid wing defined 
by 

= I ^ (Co/A) + [s.tv) +j x} 

V)^1<CW)/A ivub Cb.SST) 

(see Figures 2*3a and 2.3b). As pointed out in Section 4.2, here it is 
best to assume a number of suitably chosen spanwlse modes for each of 
^^(y), f,(y) and ^^(y). The present unsteady lifting-line theory can then 
be used to calculate the energetic quantities needed for optimization (as 
in Section 4.2). Here, is indefinite. To determine the type of the 
quadratic form Cg , again, we temporarily adopt the strip-theory viewpoint 
and investigate the possibility of distributing two-dimensional invisible 
modes across the span. It follows from (5.22), (5.55), (2.38e) and (2.38f), 
that the invisible mode at station y is given by 
(y)/ioC7) ^ -ko k /C4+ )c^) 
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(V)/5<.(v) = /C4+Ic^) (S-S6; 

Since for the semi-rigid wing, l,(y), 5, (y) and § 2 .^y) are arbitrary 
functions of y, (5.56) can be maintained at every spanwise station y. This 
means that sectional thrust and power required as well as the circulation 
are identically zero across the span. Hence, no spanwise or streamwise 
vorticity is shed from the wing. Physically, this means that, for the 
semi-rigid wing, there exists a nontrivial unsteady motion (defined by 
(5.56)) for which Cg = s P(yft) = 0,i.e., there exists an 

invisible mode, and is positive semi' definite. The spanwise 

distribution of heave amplitude §,(y) remaines arbitrary. 

Since is positive semi definite, the subsequent optimization 
requires , that the singular quadratic form Cg first be reduced to a 
nonsingular one of a lower order which can be handled by the usual 
variational methods (see Wu (1971b)). 

It is also seen frcmi the above discussion that there exists an 
Invisible mode for a flexible wing (chordwise and spanwise) and, hence, Cg 
is positive semi definite. Here, there is need for a lifting-line or 
surface theory with closed-form results capable of handling a completely 
flexible wing. 
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CHAPTER VI 

ENERGETICS OF FLAPPING FLIGHT USING 
INTEGRAL FORM OF CONSERVATION LAWS 


Lil Introduction 

An alternate approach for calculating the energetic quantities for an 
oscillating lifting-surface in two or three dimensions is to employ the 
Integral form of the conservation laws. Here, we calculate the thrust 
using the momentum theoran. Then, we employ the principle of conservation 
of mechanical energy tp calculate the energy loss rate (wake energy) and 
the thrust.. 

This approach requires the distribution of bound vorticity and 
pressure on the lifting surface. In two dimensions, we employ the unsteady 
airfoil theory of Schwarz (1940) and thus obtain the energetic quantities 
in closed form. The results for an airfoil in combined pitch and heave are 
found to be in complete agreement with the known results. For more complex 
shapes and motions of the airfoil, however, the method Involves tedious 
Integrals. In three dimensions, in the absence of an exact analytic wing 
theory, the final results must be obtained by use of numerical unsteady 
lifting-surface theory or an approximate wing theory, such as that of 
Reissner (1947). 

The proposed method has several advantages. 1) It is quite general, 
being valid for arbitrary wing planform, aspect ratio, reduced frequency 
and mode of oscillation (small amplitudes). 11) It is physically 
enlightening, in that it relates the thrust and the energy loss rate to the 
properties of the far wake, lii) It avoids the direct calculation of the 
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leading-edge auction force. 

A survey of the literature on the energetics of three-dimensional 
flapping flight is presented in Section 4.1. A survey of the literature on 
the two-dimensional case is presented below. 

The first calculation of the energetic quantities for an oscillating 
airfoil is due to von Karman and Burgers (1935) who considered the simplest 
case of an airfoil in heave. They calculated the thrust in two ways: i) 
using the balance of energy and ii) by direct calculation of the force. 
Garrick (1936) carried out a similar analysis for an airfoil in combined 
pitch and heave with an oscillating aileron. Later, Wu (1961), using the 
acceleration potential and the unsteady airfoil theory of Kussner and 
Schwarz (1940), calculated the energetic quantities for an airfoil with 
chordwise bending (traveling waves with arbitrary amplitude envelope). His 
Fourier series method is quite laborious. Siekmann (1962, 1963) used a 
vortex model and the Sohngen inversion formula to calculate the energetic 
quantities for an airfoil with chordwise bending (traveling waves with 
quadratically-yarying ^plltude envelope). Another calculation for an 
airfoil in combined pitch and heave is due to Lighthill (1970) who employed 
the acceleration potential. 

The moat general and extensive study of this type is due to Wu 
(1971a). His work includes a general unsteady airfoil theory for a 
flexible airfoil in variable forward-speed motion. He calculates the 
unsteady lift, moment and the energetic quantities. Results for the 
special case of steady-state harmonic oscillation are also given. 

The above works are in full agre«nent with each other. They are all 
based on linearized aerodynamic theories and, hence, are restricted to 
small-amplitude oscillations. Chopra (1976) has carried out an analysis of 
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an airfoil In large-amplitude heave combined with small-amplitude pitch 
with respect to the local flight path. The theory is based on a vortex 
model and a rigid wake and is applicable to regular or irregular heaving 
motion. His numerical results clearly indicate the influence of heave 
amplitude on thrust and hydrodynamic efficiency. 




Consider a thin, two-dimensional flexible airfoil in small-amplitude 
transverse oscillation in a uniform stream of Inviscld incompressible 
fluid. Thrust can be calculated by applying the momentum theory to the 
fluid contained, within a fixed control volume V which is bounded on the 
Inside by the airfoil surface G", and the wake surface amd on the outside 
by a far boundary S consisting of S, , Sj^, S 3 and as shown in Figure 6.1. 
The coordinate system (x,z) is placed at the mean position of the airfoil, 
c is the airfoil semi chord and L is the abscissa of the downstream end of 
the wake. Whenever the wake extends beyond S^, L is taken as the abscissa 
of S 3 . The free stream velocity U is in the direction of the positive 
x-axls. The control volume V is stationary in the (x,z) frame. 

With body forces neglected, the momentum theorem states that 


ct) = - J-13 n d s - J pa cS • ) d s - J ^ c Pa') 


where is the force exerted by the fluid on the airfoil, ^ is the 
velocity vector eind Ti" is the unit normal vector at the boundaries pointing 
away from V. 

Since we assume that the airfoil thickness does not vary with time. 
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the effects of thickness and steady camber and angle of attack can be 
treated separately by steady airfoil theory. These effects do not 
contribute to thrust in two dimensions. Hence, in the following, O' refers 
to the flexible mld*^amber line of the airfoil. Since thrust is a 
quadratic quantity, all quadratic terms will be retained in the analysis. 
Physically, this means that the actual airfoil and wake gecanetry must be 
considered, except where such considerations contribute only higher-order 
terms. 

It is convenient to introduce into (6.1) the perturbation velocity 

? = Q - TJ r =1 U L -V VJ W (6.2) 

where u and w are the perturbation velocity components in the x and z 
directions respectively. i and k are the corresponding unit vectors. 
(6i1) can be simplified somewhat through the use of the contimd.ty equation 

^ (_Q.a') c^.*S — O (€>.3) 

s+Sy,.+cr 

Introducing (6.2) and (6.3) into (6.1) and considering that S is a closed 
surface j we obtain 


% (S.n ) as -P 

s S+S„ + <r 'V 


(e.^) 


Thrust is the x-component of F_ , i.e., 

& 


Tit) = - els + J + p j lA(Q-n) as + 


S, 


S vv; ^ 
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+ P 


V 


In the first two Integrals we use the Bernoulli equation: 

= - p [4^ + U it + + w'^)] 


(s.s) 


(ff.S) 


where ( denotes the partial derivative with respect to time and Is 
the perturbation velocity potential The volume Integral In 
(6.5) can be converted to a surface Integral by use of the gradient 
theorem: 


J Vl)Jo(V = 5 ‘J^'Jvd.S CS-T-) 

V' 

where S’ Is the surface(s) bounding the volume V’ and 4^ has continuous 
parWal derivatives In V’ and on S’. Hence, the volume Integral becomes 

j ^ av = r • J v(4>t') av 

V • V 


= - j 4>^ as + j 4^. 


C'S- 8) 


s, 


+ ^ i. • "u as 4 5 i- - n as 




ae) 


where ^4* * 4*u ^ 4*^ jump In the velocity potential across the 

airfoil or the wake. The last Integral on the right hand side of (6.8) Is 
around the leading edge. As pointed out In Section 4.2, near the leading 
edge of an oscillating airfoil 4> and 4l^ remain bounded. Hence, the 
Integral around the leading edge which Is over a vanishingly small region 
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Is Identically zero. A similar Integral around the trailing edge of the 
wake Is also zero. 

The Integral over O' + S^ln (6.8) Is to be carried out only on the 
upper side of these surfaces. Figure 6.2 depicts a segment of the airfoil 
or wake vortex sheet, 'y. Is the distance along the sheet and h(x,t) Is the 
lateral displacement of the sheet from the x-axls. It follows from the 
definition of the velocity potential that 

X 

A(j> = J Y(0C,; -fc) dX^ 

LE 

X 

= J <As + Oce^> 

-c 


where V la the vortlclty per unit length. The approximate form Is to be 
carried out along the linearized vortex sheet which lies on the x-axls. 
The unit normal vector at the sheet Is given by 


rTw. = T - k. H- oce^) 


Cs-.\o) 


where ( denotes the partial derivative with respect to x. 

Substituting (6.9) and (6.10) Into the third Integral on the right 
hand side of (6.8) and Integrating by parts, we obtain 


1- cr L 

- I It 
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where ( denotes the wake and 

L 

r(L,±) ^ I d% Cg,\ 2 ) 

-C 

The volume Integral In (6.5) then becomes 

i ^ - j +-b ^ + 1 4>t rcu,t) 

v s, s, 

L 

- J liCx^t) otx Cf-B) 


Next, we consider the momentum flux Integral over S + Syiy;+ O’ in 
(6.5). In terms of the perturbation velocities, (6.2), the part of the 
integral which is over S becomes 


^ U.((Si »r\) ci^ 
S 


-Icu u+u?^dS -^ uv< <As 

S, Sj. 



d.5 +! 


uw 


ol 3 



(6-.14) 


It follows from (6.2), (6.10) and the downwash at (T and S^, namely 


= w\x,t) a= 

(S.I5) 

that, on these surfaces. 

Using this result, the momentum flux integral over (T and becomes 
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J Au as + J iAC§.n ) as (G.11-) 

s^+«r s,^+<r tLE) 

where u^. The integral around the leading edge, being over a 

vanishingly small region, is identically zero since, at the leading edge, 
(Q*n) is finite and u has a squarerroot singularity which is integrable. A 
similar Integral around the trailing edge of the wake is likewise zero* It 
can be shown, using the intrinsic coordinate system (s,n) (see Figure 6.2), 
that 

Au == ^-irQC€^) 

Hencej 

Substituting (6.6), (6.13), (6.14) and (6.19) into (6,5), we obtain 

TC-fc) 5== J (-W- — ^ J as 

S, 

-.pjuwas+/?j v4w4s c^- ■2.P) 

Pz ^4 

L 

+ p ^ rci-i't) - p ] It Hix.t)'] a>c. 


Next, we move the far boundary S to infir^ty. It is shown in Appendix D 
that, in this limit, the integrals over , Sj^and in (6.20) vanish. 
Hence , 
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TCt)--jpJ" Cw‘^-u^)cl5 (^.20 

^3 

L 

-V PKwt‘-,'t) ^ rcL,-t) - pj |^]\cx,-t) Vxcx.-t^^ax. 


This result Is quite general, being valid for any small»amplltude 
transverse motion of the airfoil and vanishes for steady flow In accordane 
with d’Alembert’s paradox. 

In the ranalnder of this section, we consider the case of steady-state 
harmonic oscillation, where. In analogy with steady flow, we refer to as 
the Trefftz plane. L Is then the abscissa of that plane (L -*<3o), Here, we 
use the unsteady airfoil theory of Schwarz (19^0) (1). to calculate the 
thrust from (6.21). . 

The amplitude of . the airfoil circulation and wake vortlclty are 
respectively given by . 

r = 

C^V = -j k ^ (S.23) 


where k =wc/U Is the reduced frequence and .XI. Is the reduced circulation. 
From Schwarz 


il u) = 


FTjc k[H"’ciO tj wf (t)] 


Cc.z4) 


( 1 ) 

Schwarz’s theory Is presented In Blspllnghof f , Ashley and Halfmann (1955). 
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where W. is the prescribed linearized downwash at the airfoil: 


W. tx,-b) = +U.^) = 


jut 


\x\^c 2=0± 


Z5) 


( )jj^ denotes the airfoil . 

It fpllows from (6.12), (6.22) and (6.23) that 


rtL) = c XI 


-juL 




^ r(L,-bl = CL, -b^ 


{€.7.1-) 


Substituting this result into (6.21), we obtain 


j Cw^-u^)ol5 - PU CL,t) 


-pj [^Lx,-b) Kix,-t)] 


(.5.Z8) 


The average thnist is obtained from (6.28) using the averaging rules 
in (4.4) and (4.5). 

T=-PU YwCL,-t) -4 I Ce--29) 


It is shown in Appendix E that for the case of steady-state harmonic 


oscillation 




{(o,30) 
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in the far wake. Hence, the integral term in (6.29) Is Identically zero 
and the expression for the average thrust reduces to 

T - - PU 

In the absence of the mechanism of diffusion, the Wcike vorticlty is 
convected downstream without change. Hence, 'i|^(L,t) is obtained from 
(6.23). The determination of h^(L,t), on the other hand, requires some 
work, since the. ultimate displacement of an element of the deformable wake 
is determined by its entire past history, in which it is subjected to a 
varying field of downwash along its path from the trailing edge to the 
Trefftz plane. This asymptotic displacement of the wake is determined in 
the next section. 

It is enlightening to examine the phase difference of the 
displacement and vorticlty of the far wake. Let, 

V, (L,-b) = \Kw\ CS-3:i) 

'N 

\'i^\ CS.33) 

where the amplitude and phase of h (L,t) and "^(Ljt) are respectively 
denoted by jh^j and and o< and ft . Substituting these in (6.31), we 

obtain 

T PU CcS(.0C-^) (€. 3 ^) 

For the sake of discussion, we assume that jh^^j and I'^vvl fixed and 

consider the following special cases. 
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1) If 6( - /3 = Tr/2, T = 0 (1). 

11) If (X - s IT , we have the case of maximum average thrust 
(for fixed lhy^\ and l^w\ ). This does not necessarily correspond to the 
optimum motion which Is the solution of a constrained variational problem 
(Chapter V). 

ill) If oc - 0 s 0, we have the case of maxlnmm average drag (for 
fixed lbv^\ and \'<wU. 

iv) Cases with 0< («>-/5) <1T/2 correspond to those shapes 
and motions of the airfoil which, In the average, produce drag, whereas 
cases with ■rT/2< (o< - (i ) <11 correspond to thrust-producing 
coirfiguratlons. Figure 6.3 depicts a thrust- and a drag-type far wake 
corresponding to cases (ii) apd (iii) in the above. 

TonpOrarily, we adopt the viewpoint of an observer fixed in the fluid. 
From the principle of actlpp and reaction we copclude that (6.31) 
represents the average flux of momentum associated with the wake vortices 
crossing the Trefftz plane. In the case of thrust-producing 
configurations, the wake yorticity is so oriented as to give rise to a net 
flux of momentum in the downstream direction. Similarly, the 
drag-producing configurations give rise to a net flux of momentum in the 
upstream direction. The commonly observed Karman vortex street is a 
drag-type wake. 


( 1 ) 

It can be seen from the results of Appendix E (see (E.1), (E.2) and (E.9)) 
that the self-induced downwash of a linearized wake with sinusoidally 
varying strength is out of phase with the vorticity distribution by TT /2. 
Hence, the self-induced displacement of such a wake is also out of phase 
with the vorticity by TT 12 and the corresponding contribution to the 
average thrust is zero. 
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6.^ Asymptotic Wake Dlsplaoem ent In Two Dlmenalona 

In the preceding section we found that the average thrust of a 
harmonically-oscillating airfoil is proportional to the time average of the 
far-wake displacement and vorticlty. Since thrust is 0(€^) and the wake 
vortlclty is 0(£ ), we need to determine the wake displacement to 0 (€ ), 
This can be accomplished using a linearized (planar) wake model as shown 
below. 

The wake consists of free vortices which move with the fluid. The 
linearized downwash at the wake Is given by 

(€.35) 


X > c S * O ± 

or 


tx) - jw Uv„ IX) + U ^ tx) (s.se) 

X c s = o± 

jioX 

To Invert this equation, we multiply through by e and integrate from the 
trailing edge up to x (x > c). The solution which passes through the 
trailing edge is given by 




-Vi -jwlX-C) 

= U cc) e 



W^l?) 


-JcolX-§) 

e 



o 

x^c 


The determination of the wake displacement from (6.37) requires the 
downwash at the plane of the wake which is given by 





VgCx) 

I-X 


X + 
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=Z--o± 


(€•.38) 


The first term here is the contribution of the airfoil and the second is 
that of the wake. The vorticity distribution on the airfoil is given by 
Schwarz (1940) as 






Wo (A) 

X- > 


ci 'S 



lX\$:C CC-55) 


Substituting (6.39) into (6.38), interchanging the order of 

integration in the first two terms and making use. of the following 
integrals from Appendix A 

? r c-x -I Vi dx _ -TT f rs-ciVi'l 

Lc-X J CX-»(I-X) \L> + <=-J Ls + cj j 

£ r C-X - \V2 ZL_ rir£_ri‘'^ IM$C 

U+x J (x-X)(S-x) >-l L5--I-CJ 

we find 




CD 




^ ^ [^1 


-J A 
'^_£ : ci> 




s=0± 
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where the first term Is the quasi-steady contribution and the second term 
represents all direct and Indirect contributions from the wake. 

Substituting (6.42) into (6.37)f we obtain 


(X) - c « 


Cc. 43 ) 


c -c 
~ X <» 


X-S 


c c 


j CD (5—^) 


x-s 


X e 


Here, the first term is the displacement of a rigid wake which is the 
sinusoidal trace of the trailing ed^. The second term is due to the 
quasi-steady effects and the third term represents all direct and indirect 
contributions from the wake. 

The asymptotic displacement of the. wake is obtained from (6.43) by 
setting ' X s oo in the upper limit of the Integrals. In the notation of 
Section 6.2, this is h(L) where L is the abscissa of the Trefftz plane 
(L-^co ). 




f « f l-Sf]'* % 

C -C 

I J ul ( ? - X ) 


C^.44) 


TTU 


oo CO 


'/zrx^cV'^ c 




s-x 


1 


The double integral in the last term is a universal one. It is evaluated 
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In AppenddLx A and found to be equal to 

¥ 


-j +Yr(k,) -Jrtk,)-Y.Ck,)] ak,''j 


(,f.4S) 


In passing, we note that, in the limit of steady flow, the asymptotic 
displacement of the wake contains a logarithmic singularity which arises 
from the second term of (6.44) and can be expressed as log L or log k. 

For future work, it would be of interest to calculate the near-wake 
displacement for a heaving airfoil from (6.43) suid to compare (at least 
qualitatively) with the experimental results of Bratt (1953) and Ohashi and 
Ishlkawa (1972), and the computational results of Gieslng (1968). Some of 
the Integrals in (6.43) may need to be evaluated numerically. Further, it 
would be of interest to calculate the far-wake displacement of a heaving 
airfoil from (6.44) and to correlate with the analytical results of Weihs 
(1972) who studied the behavior of semi-infinite double rows of vortices. 

Substituting (6.45), (6.44) and (6.23) into the eaqiression for the 
average thrust, (6.31), and introducing the nondlmenslonal quantities in 
(5.4) and 


x'*’ = x/c 
h* = h /c 
V/„''= Vo /U 

11 “,= n./u 

we obtain the following expression 


(€■.4 6 ) 


for the thrust coefficient of a 
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harmonically oscillating airfoil. 


(Rj r. 


( 1^ e 


Jk. 




CO 


IW» O.*^) e 


\*~ 5**- 


-|k iif|^[jAM +x"culj 


C<^-4?) 


This form has the advantage that It relates the thrust to the airfoil 
shapes and motions (see (6.24) and (6.25)). We also note that, In the 


steady limit, 0 as expected. 

As an example and a check, we consider an airfoil In heaving motion, 

where 

I . i J to t ■ 

K«. (X^-fc) = ko ■€, IXI^c. (^.48) 

Wo* * J k? /X*i < I 2-^=0± (G>4^) 

Substituting (6.49) into (6.24) and (6.47) and using the following 
integrals from Ashley and Landahl (1965) 


i, Li-vJ 





(6.SO) 

(^.SI) 
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we obtain the following known result for the thrust coefficient of a 
heaving airfoil (see, e.g., Wu (1971b)). 

DO<-) ^ CC.S 2) 

1 H 

where D(k) Is defined In (4.34). 

Kelly, Rents and Slekmann (1964) have carried out experiments to 
measure the thrust of oscillating flexible plates. They found good 
agreement with existing theories, after adding turbulent skin friction drag 
to the theoretical results. Figure 6.4 depicts their results for the case 
of heaving motion. Also shown are the result of Smith and Stone (1961) who 
neglected the Influence of the unsteady wake, resulting In gross 
overestlmatlon of the thrust. This Indicates the Importance of the 
unsteady effects In calculating the thrust, 

Jij4 Calculation of Wake Energy and Thrust Using Conservation of Energy 

■tR-mg-Plfflensiflng 

Consider a thin, two-dimensional flexible airfoil moving at constant 
velocity U along a rectilinear path In unbounded, Invlscld Incompressible 
fluid which Is at rest at Infinity. The airfoil executes small-amplitude 
transverse oscillations, thereby producing thrust and a wake of vorticity. 
Since the fluid is nondissipative and incompressible, it can store energy 
only in kinetic form. Hence, the work done by the airfoil on the fluid 
ultimately shows up in the far wake in the form of kinetic energy. In 
order to determine this relationship quantitatively, we apply the principle 
of conservation of mechanical energy to the fluid contained in a fixed 
control volume V bounded on the inside by the airfoil and wake surfaces, CT 
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and S , and on the outside by a far boundary S (consisting of S, , S , S 
and S^} which is located Infinitely far from the airfoil and the wake, as 
shown in Figure 6.5. The fluid ojntalned in V is thus free from 
discontinuities. The coordinate system (X,Z) is at rest with respect to 

the undisturbed fluid while the coordinate system (x,z), which is parallel 
to (X,Z)f is fixed to the mean position of the airfoil and, hence, moves in 
the. negative . X-Kllrectlon with velocity U. Both coordinate systems are, 
thus, inertial and obserbers in both frames measure the same forces. The 
(x,z) observer, measures a velocity field Q consisting of a free stream Uc 
and a perturbation field "q = u 1 + w k. The (X,Z) observer, on. the other 
hand, measures "q. The control volume V is stationary with respect to the 
(X,Z) frame. 

Here, as in Section 6.2, we assume that the airfoil thlclmess does not 
vary with time and consider the purely unsteady motion of the flexible 
mid-camber line of the airfoil. With body forces neglected, the balance of 
energy for the fluid in V is given by 

(S--S-3) 

V 3+s^+cr 

where we have adopted the viewpoint of the.(X,Z) observer because the (x,z) 
observer measures an infinite amount of energy for the fluid in V. (6.53) 
states that the rate of change of the total kinetic energy of the fluid in 
V is equal to the rate of work of the externed. forces on the same fluid. 

Since pressure is continuous across the wake, 

- J* -fn * ^ ciS = ° (^,5^) 
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Also, It can be shown that, for S infinitely removed from the airfoil and 
the wake, 

JS 

The Integral over the airfoil surface can be written as the sum of 
Integrals over the upper and lower surfaces and the leading and trailing 
edges of the airfoil, namely 

J* ^ ^ — (6‘-S6) 

cr 

CTg CLE) (TE) 

where (LE) and (TE) denote respectively integrations around the leading and 
trailing edges of the airfoil, both of which are of vanishingly smeill 
extent. The latter Integral is Identically zero due to the Kutta 
condition. The former is the rate of work of the leading-edge suction 
force Tg on the fluid, i.e., -OTg. 

In (6i56)j "q is the velocity of the airfoil mid-camber line 

■?=-ur + |^h„t (6-.S?) 

and "n is the unit normal vector at the airfoil, with respect to the (X,Z) 
frame, which is given by 

~ t — Jc- -i- 0(€^) 

■^4 = - 


fc.ss) 
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Using (6.57) and (6.58), the Integrals over the upper and lower surfaces of 
the airfoil may be combined to obtain 


"[I + I as = 


Cc.59) 


OU <r^ 

-i ^ 


'■L 

re 


where 


LE 


T6 


Tf = L 


IE 


(€. Go) 


is the thrust contribution from the normal force at the airfoil. 

Combining the above results and noting that T = Tg + T , (6.53) 


becomes 


Y 


TE 

<^X fC6il 

- - ® LE 


where it is seen that, in the limit of steady flow, thrust tends to zero, 
as expected. Averaging (6.61) over the time interval'?', we obtain 


TE 

J: 

LE 


A(Ke)=-UT-X dx 


(G.Gz) 


where 


^ ACKS) 
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is the average rate of the total kinetic energy of the fluid in V during 
't'. tg is an arbitrary constant. 

(6.62) can be rearranged as 

re ■ 

-j if = VT 

L£ 

which states that the average power required to maintain the airfoil 

oscillations is equal to the average rate of work of thrust plus the 

average rate of increase of the kinetic energy of the fluid. The latter is 
the average energy loss rate since it represents energy imparted to the 
fluid which cannot be recovered. As we will see later, this quantity can 
be determined from the properties of the far wake. In terms of the 
notation of Section 5«2, (6.64) may be written as 

P = TJ*T -V* E -=s 4- Cg 

which is a statement of conservation of energy for the present problem. 

Thus, the input power is partly used to produce thrust, and thereby useful 
work, and partly wast^ in generating a wake of vortlclty. The 

hydrodynamic efficiency of the motion is defined as the ratio of the useful 
power to the input power, i.e., 

^ ■— C-y / C p = I / Cp (^»G6) 

which indicates that, for given input power, one must minimize the energy 
loss rate in order to maximize the hydrodynamic efficiency. 

In the remainder of this section, we consider the case of steady-state 
harmonic oscillation of radian frequency oj • We choose to be the period 
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2TT/UJ t during which one wavelength ^ a 2TU/tJ of the periodic wake is 
generated. Here, A (KE) Is the kinetic energy content of one wavelength of 
the far wake. This can be seen by comparing the flow field at times t and 
t + ^ , The flow field near the airfoil is the same in both cases. But 
the far wake for t + 't is one wavelength longer than that for t. Hence, 

A (HE) is the kinetic energy content of a slice of the far wake of length 

A as shown in Figure 6.6. From potential flow theroy, the kinetic energy 

of the fluid in this volume, say V*, is given by 

A(KE) = J ± p dv ■= -I P j 4|f,4’ (s.eT-) 

V' s' 

where S’ is the surface bounding V’. It consists of S’ , S^, S’, S^, S^^ 

and Due to the periodicity of flow properties in the far wake (see 

Appendix E), the integrals over S* and S^ cancel each other out« As the 

lateral boundaries S^ and S^ are removed to infinity, the integrals over 

these surfaces vanish since from Appendix E 

4 j 'W /y e ^ 

The integrzils over the upper and lower wake surfaces can be combined using 
(6.58) to obtain 

A<t> ^<1^1 dX 

o r, 1 2 = o 

where X„ is an arbitrary constant and we have neglected terms of O(e^). 
The waviness of the wake, thus, does not appear to this order. It is 
noteworthy that, while a planar wake is adequate for calculating the wake 


A(K6)= -^pJ 
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energy I the actual wake geometry has to be considered for calculating the 
thrust using the momentum theorm (Section 6.2). This Is because energy Is 
a scalar quantity, idiereas momentum Is a vector quantity which Is 
sensitive to changes In direction. 

(6.69) Is essentially the spatial average, with respect to X, over the 
Interval X (defined In a manner analogous to the time average In (4.2)) of 
and Denoting this spatial average by ( ) , we have 

py, 'Scj’/a'Z I c^.^o) 

' ' 2 , -0 

It Is convenient to evaluate and "^4/^2 with respect to the moving 

frame and then transform the results to the stationary frame. Thus, with 
respect to the (x,z) frame, using (6.9)i (6.22) and (6.23)> we find 

(x,±) — c XI x:?-e 


The seif-lnduced downwash at the plane of the wake is given by (E.10) as 


'^4 1 , -j«ix 

1>2 * 

Cc.T-z) 

The above results are transformed to the stationary 

frame using the 

transfomation 


x = x + ui: 

(^.*73) 

i = "Z, 


The results are 


-j 

(S.-9-4) 
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(X+U-t) 

hi 1=0 2 

It is noteworthy that the (X,Z) observer sees a steady flow field in the 
far wake. 

It follows from (6.74), (6.75), (6.70) and (6.64) that the average 
energy loss rate is given by 

1 = ^ ACKe) = -i/JUc k liil^ (e.7-6) 

Since Ap and h/'B t are physically the same in both frames, the average 
power required may be expressed in the moving frame as 

C • 

P == - f Vtfl Cx^-b) dx. 

-c Txt 

Introducing the nondlmenslonal quantities in (5.2), (5.3), (6.46) and 

S/C 

■k^=t/(c/U) 

ACp = 

in (6.76) and (6.77), we obtain 



is then found from (6.65). 


(S’- So) 



182 


To calculate Cp, we need the unsteady pressure distribution on the 
airfoil. Ashley and Landahl (1965) give an efficient method for 
calculating Their equation (13 - 54) contains a misprint which hsis 

been corrected below. In the present notation A Is given by 


-h V' t — X ^ ' 


X Jkf (g*) 

4 


C^.sO 




J e* 


Where f Is the auxiliary function 


|(x*) = J 


(6.8Z) 


We end this section with two numerical examples: an airfoil In heave 
and pitch. These will eilso serve as a check of the above analysis. First, 
we consider an airfoil In heave where 




IX^I < I 


2"^= 0± 


(^.83) 


The pressure distribution on the airfoil Is obtained from (6.81). 

=- 4 jki,r ^<C(k)[-f^]''%ik /r^Tz.J rr. 84 ) 


where we have made use of the following integrals form Van Dyke (1956). 
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d.3 


4— 

If (x^-l*) 


=r O 


C€.Q5) 


i^JL3 


f- 

-I \Ji- 


( 6 . SG) 


The input power is then obtained from (6.80). 


C„ = 4l<.^ FW >1 


*2- 


(G. g?) 


where ( denotes the heaving motion. Using the identity 


BOc) = F- CF^+Ci^) = 


Tnc[cj, + Y,)^+CV,-3o)^] 


(^.38) 


from Garrick (1936), the energy loss rate is obtzdned from (6.79). 


rr 




8 *? ) 


The argument of all Bessel functions in (6.88) is k. 
obtained from (6.65). 

= 4)L^ DCU 


The thrust is 




The hydrodynamic efficiency for the motion is given by 


V] ^ V(k) / F(W) 


(G.90 


For an airfoil in pitching motion about the mid chord 


ha. (XA) - o(X e 


Jcc-t 




CX^) - J ko< X ^ -f <X 


I X I 4 C 

IX^I ^ ' 5^=o± 


(C.92) 


(6.93) 
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and 

cx'^) = j )<- + ( 1+ X j )c') C(jc-) +j^ 


-fjlc 0+ X"^) 7 i-X 



fc.94) 


where we have made use of the Integrals in (6.85) > (6.86) and the following 
one also from Van Dyke (1956). 


I 




i, \/i- 


= -irx' 




The input power is then obtained from (6.80), 

Cp^ = k [k(l- F) - 2 C^.9S) 

where ( )p denotes pitching motion and we have made use of the following 
integrals. 





(€■.95; 


The energy loss rate and the thrust are obtained from (6,79) and (6.65) 
respectively. 


<^Tp = j^(|/k'-Hl/4) D(k) - (l/k^-t-l/2) F(k) 

— (I/Zk) <5 (<<^) + ] <X^ 


(€-. 99 ) 
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^Ep = C4 + /c.^) B(lc) o(^ (S.loo') 

The corresponding hydrodynamic efficiency yj is obtained from (6.99) and 

( 6 . 96 ). 

The above results for an airfoil in heave and pitch are in complete 
agreement with the known results (see, e.g., Wu (1971h)). The thrust and 
the hydrodynamic efficiency of heave and pitch are plotted in Figure 6.7. 
It is seen that the heaving motion always- produces thrust. Pitchin g 

AJ 

motion, on the other hand, usually produces drag, except for k > 1.781. 
The efficiency of the heaving motion approaches 1001^ as k-^0 and dropps 
off rapidly with increasing k, approaching 50% as k-*-o». The efficiency of 
the pitching motion is defined only for k > 1 .781 , where it increase 
monotonically and approaches - 50$ as k-^oa. In the study of the optimum 
motion of a rigid airfoil in Section 5.2, we saw that a siiltable 
combination of pitch and heave can achieve ranarkably higher efficiencies. 

Lt5. Extension to Three Dimensions 

In this section, we extend the analyses of Sections 6.2 - 6.4 to three 
dimensions and study the energetics of oscillating flexible finite wings. 
First, we use the momentum theorem to calculate the thrust. Then, using 
the principle of conservation of energy, we determine the energy loss rate 
and the thrust. 

Calculation of Thrust Using Momentum Theorem 

Consider a thin, almost-planar flexible wing of finite span undergoing 
small-amplitude transverse oscillations in a uniform stream as shown in 
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Figure 6.8. Total thrust can be determined from, the momentum theorem, 
(6.1). Here, the far boundary S consists of the right circular cylinder Sj, 
which Is parallel to the main flow and the circular disks S| and S3 of 
radius R. 

We Introduce the perturbation velocity q 


-ss (2 -.y L =. a t -I-VJ +• W Ic. C^.lOl) 

and the continuity equation Into (6.1), take the x-component of the result 
and use the Bernoulli equation and the gradient theorsn, to obtain the 
total thrust . 

== Ip J 

( UV Cos© -h U.W Sir' 0 ) c( 3 

"■^2 ■ 

--T P J -4- ) d 5 (6*. 102) 

S3 

^ J h: ^^4^) ^ 

Sw + O' o-t 

+ /> J y (S • ^ ^ cl s 

5v^-t*cr 

V and j are the perturbation velocity component and the unit vector In the 
y-dlrectlon respectively and the angle 0 Is measured from the y-axls In the 
yz-plane In the positive direction of rotation about the x-axls. See 
Figure 6.8. In arriving at (6.102), Integrals of i>n and u(Q*'n) 
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around the edges of the wing and wake vortex sheets vanish. 
Using (6.16) , 





(€. 103 ) 


and 


A4CX,v,-t) = J cL% +0(€^) 

X^CY) 


(€.io4) 


(6.102) becomes, after an Integration by parts In the next to the last 
term, 

yc-t) = ^ J" 

. S, 

” J ( V ^ + w ^ - u ~ ) c4 5 

s' 


+ ^ J «( V CoS 0 w sm o ') d S 




fc» 

+ pj h^(LiY)jy,t) ^ P(Uy), v,t) dy 

— fcj 

b L-(y) 

_p J dy r JX [Ycx,v,-t) liU,Y,-t)'] 

-b Xfiy) 


Here, 
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ay) 


P(1-(V), V,t) = / Y(s,y,-t) 


= P(V,t)-+ 


X£(y; 

Uy) 

Vw c^S 


(C.io€) 


Xtty) 

where x^, x^ and L are respectively the abscissas of the wing leading and 
trailing edges and the abscissa of the wake trailing edge. r^y,-bis the bound 
circulation. Whenever the wake extends beyond L(y) Is to be taken as 
the abscissa of S^. It Is shown in Appendix F that, as the far boundary S 
is removed to infinity, the integrals over and vanish. The integral 
over In general must be retained since. In the long-time limit, the wake 
usually crosses and the Integral is expected to be nonvanishing. 
(6.105) then reduces to 


. 53 : 

b ■ " . ■ 

■tpj CL(y), V,-t) ^ P( L(v);%-fc) o^V ((S.io?) 

— b 

b ‘-(Y) 

-> J dy J ^ [YCx,v.-t) V'U,V,t) 

X{(Y) 


This result is quite general, being valid for any small-amplitude motion of 
a lifting surface including transient motion. Also, it is valid .for 
arbitrary planform (straight or swept back), aspect ratio and reduced 
frequency. It can be shown that, as the wing semi span b tends to 
infinity, (6.107) reduces to its two-dimensional counterpart, (6.21). 
Also, in the limit of steady flow, the classical result for vortex drag is 


■) 


> 


) 
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recovered. 

Next, we consider the case of steady-state heU*monic oscillations. 
Here, the wake extends far beyond (L-*-<»). From Relssner (1947) 

rev) = c, .a(Y) c^.108) 


where c. Is the root semi chord. Relssner has shown that the spanwlse 
component of wake vortlclty Is given by 

(X,v) = -J A (y) ^ X> X^.iv) (€- 109 ) 


where k. Is the reduced frequency at the wing center section k^ = to Co/U. 
Substituting (6.108) and (6.109) Into (6.106), we obtain 

=: Ca vil, (y) € (S’. ho) 

and, hence, 

\ r(L,v.t) » - U Yw' (€-m) 

■at 

Substituting this Into (6.107), we obtain the thrust of a harmonically 
oscillating wing. 


^(t) = -4* f ( S 

S3 

-PU J CL, V, t) Yvv My 

b L 

-P J <iy J dx 

X^w) 


C€. n z ) 


This Is the three-dimensional counterpart of (6.28). 
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The time average of thrust Is obtained using the averaging rules In 
(4.4) and (4.5). 


QT = -i. J ( ) c(. S 

b 

-pu J liv, a,xt) oLv 

-b 

where both Integrals are over the Trefftz plane. This Is the 
three-dimensional counterpart of (6.29). Evaluation of the first Integral 
In (6.113) requires knowledge of u*, v^ and w* In the far wake. These are 
calculated In Appendix G In terms of Integrals Involving and d^X/dy 
which, In general, must be evaluated numerically. Evaluation of the second 
Integral In (6.113) requires the spanwlse vortlclty and the lateral 
displacement of the far wake. The wake vortlclty Is given by (6.109). 

To, determine the asymptotic displacement of the wake, for reasons 
already cited. It suffices to consider a linearized wake model. The 
linearized downwash at the wake Is given by 

X ^ X^(V) VVI ^ t 2r = 6± 

As in two dimensions, this can be inverted to obtain the wake displacement. 


= blXt(V),V) € 


, r ^ cx- 1 ) 

-t-u"' (1,V) e 




(er.iis) 
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The asymptotic displacement of the wake is obtained from this by setting 
X = 00 In the upper limit of the Integral. 

Evaluation of (6.115) requires the downwash at the plane of the wake 
which is induced by the wing and wake vorticlty. For (x,y) on the 
projection of the wake on the xy-plane, 




(X 


b Xt(Y) 


-t X>VJ 




00 




(X-S)^W 


^ ' J [,cx-5)^ 4-cv-n)^3 

X^(7) 


(C. 116) 


where ( denotes the wing and S is the streamwlse component of vorticlty 
which is taken to be positive in the negative direction of. rotation about 
the x-axls. 

Reissner (19^7) has shown that 

= Co ci^/ ciy « C^-UT-) 

It follows from (6.108) that 

£ = X J V(5.VJd-5 Cs.118) 

Xj(y) 

Sci is obtained from the continuity of vorticlty on the wing. 

X ■ ' ^ ■ 

S<^CX,V) = ^ j <<% (S.M9) 

X^tv) 

Hence, once the bound vorticity Yq. is determined, everything else can be 
determined (at least numerically). In the absence of an exact theory to 



192 


calculate , we can use numerical unsteady lifting-surface theory or 
Reissner’s approximate theory (Heissner (1947))» The latter gives a 
closed-form expression for which contains the results of unsteady 
airfoil theory and steady lifting-line theory as special cases. 


Calculation of Wak e Energy an d Thrust Using Cons ervation of Energy 

Here, we adopt the viewpoint of the observer fixed in the fluid and 
consider the same wing moving with velocity U along a rectilinear path in 
the . negative X-direction while executing small-amplitude transverse 
oscillations, as shown in Figure 6.9. The balance of energy for the fluid 
in V is given by (6.53) where the cylindrical far boundary S is located 
infinitely far from the wing and the wake. 

As in two dimensions, it can be shown that the right hand side of 
(6.53) is the rate of work of thrust and unsteady lift, i.e., 

J ^ (S.izo) 

y <r 

Taking the time average of (6.120) oyer the time interval T and 
rearranging, we obtain 

_J Af i ka ^ A(K£) (S.I2I) 

<r 


where - 7 ^ A (KE) is defined in (6.63).- (6.121) is a statement of 

conservation of energy for the present three-dimensional problem. In the 
notation of Section 4.2, it becomes 


(p = UC7 + e 



<sr 


( 6 . 122 ) 
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The corresponding hydrodynamic efficiency is defined in (4.54). 

Next, we consider the case of steady-state harmonic oscillations and 
choose 'Z to be the period 2'n’/cu . As is two dimensions, A(KE) can be 
determined from the properties of the far wake, namely 

AtKe) = -|>J (S.U3) 

— b " 

With respect to the moving frame (x,y,z), is determined using (6.104), 

(6.108) and (6.109). 

. rt S , -jioX • 

(x,V) = Co Cyj € X^XtCy) C^.|Z4) 


Downwash at the plane of the wake is obtained from (G.11) as z-*-o±. 

^ (y,X0) * 4 xS/'(tl) S 30 (y-r)) k', (Sly-nl)c^n 

•hi , ^fT rb 




(6-.I25) 


In the limit of steady flow, (.6,124) and (6.125) reduce to the classical 
steady results. 

The above results for and "^4* z can be transformed to the 
(X,y,Z) frame using the transformation (6.73) with y = Y. The results are 


AJ 

A<}> (X+Ut, Y) - c, A (y) * 


-j«X 


(GA2.e) 


• — -y- ^ / 

||oc+ut,Y)| =% >fl(>))^''W-n)K,(“iy-')i)»iT 

'£=0 ^ .Tb 

r Ac>|) K. (.« Iy-l0 'll Ce.iz.-?) 

irrcc 4 
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Using (6.126) and (6.127) f the average energy loss rate is obtained. 

£ = ^ pu to (S.J j I- 4 H ‘H) ^1,-1 ’• 

— b — b 
-b -b 

(S.l 28 ) 

The average total power required to mad.ntain the wing oscillations is given 
by 

b XtW 

(y=-J‘ dj 4f a7,i) ha(|,^,•t)ds (e-U9) 

The total thrust is then obtained trcm (6.122). The present method 

/\a 

requires ^ p and ^fL which can be obtained frcmi numerical unsteady 
lifting-surface theory or Reissner's theory. 

In the limit of steady flow, the above results yield one half of the 
known value of the Induced drag, as expected. 
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CHAPTER VII ' 

SUMMARY AND RECOMMENDATIONS 

In summary, a low-frequency unsteady lifting-line theory has been 
developed, using the MAE method, for a harmonically-oscillating straight 
wing of large aspect ratio. The wing is assumed to be chordwise rigid but 
completely flexible in the span direction. The wing displacements are 
prescribed and the unsteady pressure field, airloads and Induced downwash 
are obtained in closed form. To leading order, the latter consists of a 
convectlng sinusoidal gust whose amplitude is constant across the chord but 
varies in the span direction. The unsteady induced downwash is 0(A~'), as 
in the steady case. The theory is sufficiently general to permit 
quantitative treatment of a range of interesting problems involving 
unsteady motions of spanwise-flexible wings in incompressible flow. 

Numerical examples clearly show the influence of k^, A, planform shape 
and mode of oscillation on the wing aerodynamics. They also Indicate that, 
for elliptic and more slender pianforms, the theory yields convergent total 
results (at least for the examples considered). Comparison with Relssner*s 
theory (Reissner (1947)) and limited numerical lifting-surface results show 
good overall agreement. The present theory, thus, provides formal 
Justification for Reissner's ad hoc theory. Compared with lifting-surface 
theory, computation time is reduced significantly. 

The present theory also identifies and resolves the errors, in- the 
unsteady lifting-line theory of James (1975) who used a semi- intuitive MAE 
approach. His unsteady induced downwash is found to be in error which 
renders his results incorrect. He also suggests that his theory is valid 
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for all reduced frequencies, but his formulation clearly assumes low 
reduced frequencies. Further, he does not treat and resolve the Inherent 
nonuniqueness of the solution In the acceleration potential formulation of 
the problem. The present work also raises questions about the complete 
validity of the unsteady lifting-line theory of Van Holten (1975) who 
suggests that his theory is valid for all reduced frequencies but finds the 
unsteady Induced downwash to be constant across the chord, a condition 
which holds only in the steady flow limit. The theory of Cheng (1975) who 
determined the velocity potential to ) does not Include calculation of 
the aerodynamic loading, the unsteady induced downwash and some of the 
important det 2 dls. 

Using the present theory, the effects of three-dimensionality on the 
energetic quantities have been determined for a finite wing oscillating in 
combined pitch and heave. This is the first closed-form analysis of 
three-dimensional flapping flight. In the present . approach, the 
leading-edge suction force is obtained exactly. Numerical examples for the 
spanwise distribution of the energetic quantities and the overall 
propulsive performance of an elliptic wing in combined pitch and heave are 
presented. 

Based on the numerical examples and correlations presented in this 
work, the region of validity of the present theory has been identified in 
tenns of k,, and A. It is seen that the theory is valid over a considerably 
larger range of k« than originally anticipated. The region of validity 
contains the values of k^ and A which are of greatest interest in most 
applications. For small kg and moderate A, the total lift and moment 
coefficients for an elliptic wing in pitch and heave display an unexpected 
behavior which is not well understood and calls for further investigation. 
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Numerical lifting-surface results would be helpful In understanding this 
behavior. If it Is found that this Is an Inherent weakness of the present 
theory, carrying out the asymptotic analysis to one order higher in A"*’ 
might resolve it. In order to better assess the utility and range of 
validity of the present theory, there is need for further correlations with 
lifting-surface theory and also experiments. 

The optimum solution of Wu (1971b) for a rigid airfoil has been recast 
in terms of the normal modes of the quadratic form for the energy loss rate 
to shed light on the structure of the optimum solution. It is found that 
one of the normal modes, termed the invisible mode, plays a central role in 
the solution. The invisible mode is interesting in its own right, since it 
consists of a combined pitch and heave motion of the airfoil which sheds no 
vorticity and for which the energetic quantities are identically zero and 
the hydrodynamic efficiency is 100{. The existence of the invisible mode 
is a direct result of the fact that the quadratic form for the energy loss 
rate is positive semi definite. Since an arbitrary amount of the invisible 
mode is present in the solution, the latter is nonunique. 

The optimum motion of a finite wliig in combined pitch and heave has 
been analyzed rigorously for the first time. It is found that, in contrast 
with the two-dimensional case, here the quadratic form for the energy loss 
rate is positive definite. As a result, there does not exist an invisible 
mode for the finite rigid wing and the corresponding optimum solution is 
unique. Numerical results for the optimum motion of an elliptic wing are 
presented. 

Finally, an alternate approach has been presented for the calculation 
of the energetic quantities in two and three dimensions, namely the use of 
the integral form of the conservation laws. This approach has several 



198 

advantages. 1) It Is quite general, being valid for arbitrary wing 
planform, aspect ratio, reduced frequency and mode of oscillation (small 
amplitudes). 11) It 1s physically enlightening. In that It relates the 
thrust and the energy loss rate to the momentum flux and the kinetic energy 
content of the far wake. Ill) It avoids the direct calculation of the 
leading-edge suction force. However, the method requires the distribution 
of bound circulation and pressure on the wing emd is found not to be well 

suited for optimization studies. In two dimensions, using unsteady airfoil 
theory, the results are obtained In closed form; although more complex 
shapes and motions of the airfoil give rise to tedious Integrals. In three 
dimensions. In the absence of an exact wing theory with closed-form 
results, one has to resort to numerical lifting-surface theory or 
Relssner's theory (Relssner. (1947)). 

The following extensions are suggested by the present Investigation. 
In order to take full advantage of the capabilities of the present unsteady 
Ilf ting- line theory, It would be of Interest to modify the present 
numerical schemes, vdilch are for oscillating rigid wings, to handle 
spanwlse-flexlble wings as well. This can be accomplished by choosing a 
number of suitable modes for the span distribution of heave and pitch. 
Similarly, the present analysis of the energetics of an oscillating rigid 
wing can be extended to include spanwlse flexibility. In turn, these 
calculations can be used to analyze the optimum motion of a seml-rlgld 
wing. This would be of interest in studying wing motions .of birds with 
small to moderate flapping amplitude and relatively large aspect ratio. 

Another extension of the present theory is to determine the 
(aerodynamic) response of an oscillating semi-rigid finite wing to an 
oblique convecting sinusoidal gust, from which the response to any 
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arbitrary localized gust or continuous atmospheric turbulence can be 
obtained by Fourier superposition. This can be obtained from the present 
analysis by including In the lowest order Inner solution the pressure field 
due to the Interaction of a two-dimensional airfoil with the oblique gust. 
The latter can be obtained from the solution of Filotas (1969) by use of 
Green's functions (pressure doublets). This extension of the present 
theory might be useful In aeroacoustlcs as well. 

Another extension Is to Include the effects of compressibility (using 
one of the existing compressible unsteady airfoil theories and Green's 
functions) and curvature and/or sweep of the planform. Development of a 
unified theory valid for all reduced frequencies would also be of interest 
(Section 2.1). 

The present theory will also be useful In other areas, such as 
aeroelasti city and the analysis of energy extraction from fluid streams. 
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APPENDIX A 

EVALUATION OF CERTAIN INTEGRALS 


1. From Section 2.4 

n» o, . .. 

The integration is along the real axis from x = -c(y) to x = c(y) with the 

^A 'A 

complex parameter. J = x + i z. 

Using the transformation 


= CC+ f )/Co-f ) 


(A.z) 


becomes 


Qn 


CO 

(n+i) r 

- _i£__ 

c-f ii 




(n^-0 n 






CA-3) 


where 


6< -= ( ? -t- c )/ ( r - C) 


(A. 4) 


For given n» can now be evaluated using the method of partial fractions 
which reduces (A. 3) to a sum of the following integrals. 


03 


i 




m = I 


1 ■ 3 . io 


Z.A.6 


(2ifn-3) -[f 
Czm — x) ^ 


Z 


(A-5) 



J (v|^ + o<r' cir^ ^ (TT/Z) CA.6) 

o 

The first five Q. *s, evaluated in this manner, are listed below. 

n 

Q„a,v) = ir [ i - A'J 
<.3,v) = tt[s+c--ia 3 
QziLv) = TV [?^+c? c^-i^a'^ 

g> 3 d.v) = IT [j^ + c i^ + i +-2 a] 

Q4 (I,Y) = IT [ 3'' + c 3 * + 1 + 'i ^ 

a] (.A.7-) 


-3^ 


where 


~ \/ C?-hC)/( 'y -C) 


(A.8) 


2. In Section 2.6, we make use of the following integrals. 


cir^ =_j|. (A.IO) 


/ [T' J'l = [l/tA) - 


-Jlc 



202 


/ r>? "feT (A.iz) 

'^1 

/ 'I'/l^ <^1 = -|i 

(/1.I3) 

_£ -L H.“^Oc.) 


The first two integrals are found in Watson (1966). The integral in 
(A. 11), after an integration by parts, can be expressed in terms of (A. 9). 
The integral in (A. 12) can be obtained from (A. 10) by an Integration by 
parts. The last integral, after integrating by parts twice, can.be 
expressed in terms of (A. 9) and (A. 12). 

Some of the above integrals,, when considered individually, are 
divergent for real values of k. In such cases we assign a small negative 
Imaginary part to k. Later, for use in Section 2.6, we analytically 
continue the results to real values of k. • 

3 . From Section 6.3, 


— c 


'/z 




^X-)s)(1-x) 


i )v > c 


{AAA) 


This integral can be evaluated from the following contour integral. 



dS 


— Zn i X) -f- ^es'Cf )J 



C (A. 15) 

where J = x + i z and the integration contour C consits of and 

C|^, as shown in Figure A.1. For the integrand we choose the branch cut 
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from J s -c to "S = c defined by 

O 4 ar^ -I- C ) <ZTT 
O < ar^ C3 - c) < z rr 


CA.»6) 


The integral along Cj^ vanishes as R-»-co and the integrals along and 
cancel each other out. As C, shrinks down to the branch cut, it can be 
shown, using some of the analytic properties of \J ( 1 - c)/( ;? + c) in 
Table 2.1 (p. 57), that (A.15) leads to the following result. 


I = ^ 
' -X- 




4. ^From Section 6.3, 

C 

C-’kIVz c(X 


§ [livl 

-c 


CX-XH l-x) 


\X\4C (A. 18) 


This integral is similar to the one in the above. It can be evaluated from 
the following contour integral. 

f r_s^V'i = zn-c l?e=(S) C.A.m 

vj L:s + c J (y-XK5- §) . 


’Here, we-choose the- branch cut defined in (A^16). The Integration contour 
C consists of , G^, C^, Cp and Cj^as shown in Figure A. 2. and Cp are 
circles of radius R and p respectively. Again, the integral along 
vanishes as R ->-co and the integrals along and cancel each other out. 
The integrals along the upper and lower halves of C^o cancel each other out 
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due to the sign change of y ( !T - c)/( 5 -f c) across the branch cut (see 
Table 2.1). (A. 19) then leads to the following result. 


I = 


[-iii-] 




IXUc 


{A.zo) 


5. From Section 6.3i 


<o 




I, J w (S-X) 

^2._e 


(A.zi) 


Differentiating this equation with respect to k = C c uncouples the 


Integrals. 




S'- tJfIS-]’* 


These Integrals can be expressed in terms of certain . known Integrals 
(found, e.g. , in Ashley and Landahl (1965)). 


CO 


j +j wf'® ct)] IH.23) 




+j CA.24') 


Substituting these results in (A. 22) and expressing the Hankel functions in 
terms of Bessel functions (see (2.43)), we find 


Jk. 


(D^c [-Z (JoJ, + Y,Y,) + j 

(A. 25) 
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where the argument of all Bassel functions Is k. 

I 2 is obtained from this result by integration. 

k <.A.24) 

+j J CJ,^+Y,^- 1 + dJ 

o 


where D is the complex constant of integration and we have of the 


following identities. 




3 . (2) = - 3, C^) 


X C2) = - V,CS) 


(A. 27-) 


The constant of integration is determined by evaluating I 3 In (A. 21) for 

some value of cD (or k) directly. Using the method of stationary phase 

(see, e.g., Carrier, Krook and Pearson (1966)), it can be shown that I 3 

tends to zero as 63 (or k)->a>. Using this condition in (A. 26), the 

ocnstant of integration is found to be 


t) 5= <o> 4. to) 

-jj (3,^^ + cUn, 

O 

Substituting this into (A,26), we obtain 

CO 

'^3 = (If -[[ifw+X^u] -j j [3,^+ 

^ k 





(A. 2 9) 
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It is seen in Section 6.3 that the imaginary part of I ^ drops out of the 
expression for the average thrust and, hence, there is no need to evaluate 


it 
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APPENDIX B 

NUMERICAL EVALUATION OF INDUCED DOWNWASH 
OF UNSTEADY LIFTING-LINE THEORY 


In this appendix, we describe numerical schemes for the evaluation of 
the unsteady induced downwash of the present unsteady lifting-line theory 
given by (3.37a) and (3.37b). 

From among the planforms considered in this work, we are most 
interested in the elliptic one. The elliptic planform, however, gives rise 
to infinite slopes at the tips in the spanwise variation of scane of the 
physical quantities. This, in turn, gives rise to difficulties in the 
numerical evaluation of integrals containing such terms. These 
difficulties can be resolved by introducing the spanwise angular 
substitution 


— Co-s 

e|' <1 oier^TT 


Cb.v') 


which transforms a planform with blunt tips into a planform with more 

slender tips by stretching out the tip regions. For example, the elliptic 

planform which has infinite slopes at the tips is transformed into one with 

finite slopes at the tip, as shown in Figure B.1. 

In terms of the angular variables, the first integral in (3.37b) may 

be written as 

TT ^ 

A(6'1 = ^ TTOo e; ^ ae," (e.z) 

o ^0 - ) 
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where 


©/) = 


^Case'-Cos 9y)^ 


(B.3) 


i t 

We have Introduced the factor (6*- 9,’) /(9'- 0|) in the integrand. As we 
will see later, this greatly facilitates the numerical evaluation of the 
integral in the neighborhood of the singularity. 

Before describing the numerical integration of A(9’), we first discuss 
evaluation of various parts of the integrand. It follows from (3.11) and 
(3*36) that the strip-theory section lift coefficient is given by 


+ [« +j V 1 ■>< + ] (C i^) 1 


( 6-43 


Numerical values of Theodorsen's function C Oc) are obtained fran (2.42) 
and (2.44) using library subroutines for the Bessel functions involved (1),. 
(C (k) is plotted as a complex vector in Figure 2.4. Listing of the 
primary programs used in this work are given in Appendix H. 

For later use, we point out that it can be shown, using (2.62), that, 
near the wing tips, (B.4) has the behavior (for fixed aspect ratio) 

iv») ~-n (f.) + az (0 + Aj (fj icj [f.J 

^ (6>-s; 


Numerical values of J© , J, , Y© and Y| are obtained respectively from 
subroutines DB JO , DBJ1 , DBYO and DBY1 which are part of the IBM mathematics 
subroutine library SL-MATH. 
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where a, , a. and a. are 0(1) and well behaved near the tips. It is seen 
y ju 3 

that in the vicinity of the tips, to leading order, C^^^is proportional to 
the local chord. This is expected since, as we approach the tips, the 
local reduced frequency tends to zero and the unsteady lift takes on its 
quasi-steady value. 

It can be shown that the function M, (0’,9J)» (B.3)i has the following 
properties (see Figure B.2): 

i) M, ^ 0 for 0 ^ ©,» ^TT ; 
ii) = 0 for 0’ = 0,TT and 0^ ^ 0, TT ; 

iii) the maximum of M, occurs at 0} = 0’ and its 
locus is given by 




V \ 

■sm e' \j \ ^ y^z. 


(.s.cy 


iv) for 0’ = 0, TT » near the tips, to leading order, 

AJ 4 / -i' > _4===— (B.?.) 

where Y is the angular distance form the tips 
(that is, 0( or TT- 0}); 

v) symmetry property; M, for -y* is the mirror image 
of that for y* in the line 0| = /2. 

Hence, M, has a square-root singular behavior at the tips (0* s 0,TT ). 
For elliptic and more slender planforms, however, the loading at the tips 
drops off fast enough to cancel -out this singularity (see (B.5)). ~ 

The kernel function IT ( M ) in (B.2) is defined in (2.155b). Numerical 
values of Kj are obtained from a library subroutine (1 ) . The rest of the 


( 1 ) 

The subroutine used is DBK1 of SL-MATH. 
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kernel is evaluated using the closed-form approximation derived by Watkins, 
Woolston and Cunningham (1959), namely 




l.oo8S>^ 


1. 3410 +1.00 BO ju2- 


+ 




8 61^ Ji 


.4C4B -f 

U 3-mo + >*2. 




<;b. 8) 


We now describe the numerical integration of A(9'), (B.2). First, we 
write the integral in the general form 

IT 


A(e") = ^( 9 ' 9 ,) jq ' 


IB-T) 


Due to the presence of the singularity at 0| = 9’, we break up the integral 
into three parts as follows. 

a'+S (.B.w'l 

= A, (S'') + Aj (S') + Az (©') 


where t > 0 represents a small neighborhood of the singularity. The 
integrals k^(Q') and A^O') are nonsingular and span a finite intervedi 
After a change of variables to transform the intervals of integration to 
(-1,1)., they can be evaluated efficiently using Legendr e-Gauss quadrature; 

b 


J ^(Y) c(y = (b-d)/2, [ 4fy) c(x 

a ; 

n 

' Cb-a)/i ^ Wt -f(Vt) 


(,=) 




(6.11) 
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where 



b-g. 

2 . 



b-t-q 

2 . 


(B. 12'^ 


The weights W^' and the abscissas are listed, e.g. , in Abranowitz and 
Stegun (1970). In the computer program, the number of integration stations 
n is determined through an iterative procedure aimed at achieving a 
prescribed level of accuracy. 

We evaluate the Integral Ay(6) which contains the second order 
singularity using the method of Watkins, Woolston and Cunningham (1959). 
For completeness, the highlights of the method are discussed below. First, 
we approximate the function F(9' ,0{) with a sixth degree, polynomial which 
can be obtained frcan Lagremge's interpolation formula (see, for example, 
Abramowitz and Stegun (1970)). With this approximation Ay(9') becomes 


4 ' 

Ajie') » S'® X Site') S‘ J 


e'+j 


e'+'S 




. e+T 


CB.13) 


+ ^ (6-e;)“'cA6/ + 9^(9"^ jc {Q-e'S^dQ' 




0-J 


where S = ^ /3 and g^(O’) are linear combinations of F(0',9{) at the seven 
interpolation stations and can be found from Lagrange's interpolation 
formula. It now becomes clear that, had we not introduced the factor 
(0» - 0|) /(e» - 9^) in (B.2), here we would have encountered the 
integrals 

e 


J 




( Cos Cos e,' ) ^ 


de, n = 6 
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which are much more difficult to evaluate than those In (B. 13)* 

It can be shown that the Cauchy principle value Integral In (B.13) Is 



CB.H) 


The integral with the second-order singularity in (B, 13) is evaluated 
according to the principle value defined in (2.146). Its value can be 
shown to be 



e-»o 







= - 2/1 


(S,A5) 


Substituting (B.14), (B. 15) and the expressions for g^(9') into 

(B.13), we obtain the following approximation for Aj(9'). 


Aj(e') ^ 

iooy 


^ 1"^ R ( 0 — 3^) F(0 j Q‘^-+ 

1 1=^ (6"y 0^-2^) -h e'+zS)] 

p (e'', 0^+S)]| 


— 1360 





In the numerical calculations presented in this work, 'S is chosen through 
numerical experiments (1) to be 3 ~ 0,08 to obtain three decimal places 


( 1 ) 

r is chosen by applying the numerical scheme for A(9') to certain known 
integrals for various values of 0*. 
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of accuracy or better for the results. 

Next, we discuss the numerical evaluation of the second Integral In 
(3«37b) which contains a r«novable singularity at y| = y . in terms of the 
angular variables, this Integral may be written as 


B(e^) = 


o \6'-6i'l 


Mx {e', Q,') de'^ 


where 




Mz ee3 s') 


le-e/l -sw e,^ 

)cos o'- cosen 


(b. \8) 


We have introduced the factor 1 0*- 9jl/\9'-0'jl in the integrand to 
facilitate later evaluation of the integral In the nieghborhood of the 
singularity. It can be shown that M^(0*,9’) has the following properties 
(see Figure B. 3):. 


1) 0(1) for 04 : (e», 9*) ; 

11) Mi ^ 0 for 0 4: O', 0{) 
ill) M 2 , = 0 for 0J = 0,tV , 9'^ 0,1T ; 
iv) = 1 is the locus of the points 
. 0' = 0' for 0 ^ (9«, 0 ;) 4TT ; 
v) symmetry property; for -y* is the mirror image 
of that for y* in the line 0J s TT /2. 

The integral B(9’) is of the general form 


B(.60 


J \e -6,' 1 





To evaluate B(9’), we first write it as the sum of three integrals. 
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UQ'y 


e"-e e'+€ 7T 


[J +! 

' “1 

° 6 -^ € 1 

9 '+€ ' 


Ve'^eri 



=. %{e') + Sg ^2: (0^-) 


(8.Z0) 


where € > 0 represents a small neighborhood pf the singularity. In the 

integrals B,(0?) and B,(0'), the parts containing C. (y«) can be 

^ <-zo 

integrated in closed form, with respect to <^*, to obtain 

Ban + Siieo = [ J 1 M^(e',e,') <ie,' 




(6, 21 ) 


where 


= Y - Gps (0^-f. e) 
e) ~Y ^ 


(B. 22) 


The latter relations are depictpd graphically in Fi^re B,4. The remaking 
integrals in (B.21) are nonsingular and can be evaluated using 
Legendre-rGauss quadrature, (B. 11) and (B. 12), , 

The Integral Bg(0*) contains the removable singularity at 01 =0*. Tp 

^ /V 

evaluate B_ , we first expand [C# ( n*) - Ca (y^)3 near 9J = 9? to remove 

^ '■ZO ' ■*^ZO • ■ ' 


the singularity. 


C^;^jj(Co5eo- (Cose') 


CO 





-9] 


X- 


C^^^(cos©o 

(6. Z^) 
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Using this expansion, B (6') becomes 

Sgie') = y 21^ Ox, (C05 9') 16.25') 

where 

0 +€. ^ 

E„ce')=~ ] i^zi9".en {a/~e^)V cs.-eo ol©,^ 
e-€ 

Y\> '/2.;3, (S.26) 

The generalized function sgn(0|- 0’) is defined as 

S3Y^ 10, - o') = \ (6.1^9-) 

l-\ e' <Q' . 

A/ 

In relation to (B.25) we remark that, while the derivatives of C« (y*) 

'•ZO 

with respect to y* may become infinite at blunt wing tips (e.g., for the 
elliptic planform), the derivatives of/c^^^(cos 0’) with respect to 0* are 
finite everywhere including at blunt tips (see (B.5) and the discussion at 
the beginning of this appendix). 

The integrals E„(0’), (B.26), are nonsingular, although each 
integrand has a finite discontinuity at 0'= 0*. They can be evaluated 

using Legendre-Gauss quadrature after breaking up each integral into two 
parts at the discontinuity. In the following, however, after 

examining the order of magnitude of E^(0*), we will see that for a suitably 
small value of e we may neglect Bg(0') altogether. 

Since Mj^C©’,©^) is well behaved near 0J= 0*, for 0V not very close to 
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the tips (see Figure B.3), we may expand M^^near 9|= 9' as 

Mzce", 0', ) = ^4- e') + V" (b.zs) 

where 


•fve') - 1^. M,. [S', ©.') 


'©,'=9" 

Substituting this expansion into (B.26) and integrating, we obtain 


CS.Z <=13 


Bn {.e') 

_ _L 

rt [ 

4 — 

r n-r\ 

L ^ 

n-hi 



iB-3o) 


r\+\ - 


For 0V not very close to the tips f(6’) 0(1) (see Figure B.3) and it 

follows that 


^3 ^b') j £4 (G") 0(6"^) 


CB.31) 


Hence , 


0Ce2) 




-As we approach the tips, for distances of 0(6 ), it can be shown that 


and, hence, 


Bn (S') oce'') n- 1/1,3, 


(©') 0^^) 


( 6.333 


(s. 34) 



217 


For values of 9* closer to the tips than 6 , € is redefined as the 

distance from the tip. Hence, B^(9’) vanishes at the tips. Variation of 
Bg(8*) with 0’ is depicted qualitatively in Figure B.5 for half of the 
span. 

Therefore, if € is chosen as a suitably small quantity, we can 
neglect B^(0'). Bg(9') then represents an error in the numerical 

evsiluation of B(9'). In terms of the physical variable y*, the maximum 
error, i.e. , B^(0’) <~ 0(€), occurs at a distance of OCC*") from the tips, 
as can be seen frcm 

Cos € =^1- 0 C€ 2 .) C6.35-) 

for the tip at y* = 1 . 

In the numerical calculations presented in this work, € is chosen 
through numerical experiments to be € « 0i006. For an elliptic wing in 
steady flow, using this value of ^ , the maximum relative error was found 
to be approximately 0.03$ occurlng at a distance of about 0.01$ of the semi 
span from the tip. This is typical of the calculations presented herein 
and corresponds to better than three decimal places of accuracy for the 
results. With the loads dropping off to zero at the tips, the effect of 
the above error on the overall calculations is expected to be negligible. 

It should be noted that, for all practical purposes, the above schemes 
for the evaluation of A(0') and B(0') 20*0 valid for edl points eilong the 
span including those very close to the tips, but exclude the tips. These 
schemes can be modified to accomodate the tips as well, but this is not 
necessary. The spanwise integrals for the calculation of the total 
aerodynamic quantities employ Lege ndr e-Gauss quadrature which excludes the 
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end points 
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APPENDIX C 

NUMERICAL EVALUATION OF INDUCED DOHNWASH 
OF REISSNEH*S THEORY 


In this appendix, we describe a procedure for the numerical evaluation 
of the unsteady induced downwash of Relssner's theory given by (3 •38a) and 
(3 •38b). In order to accomodate blunt wing tips again we Introduce the 
spanwlse angular transformation (B.t), In terms of which (3.38b) may be 
written as 

Tf 

c i 

(C.l) 


r E T*) y 

= i I rie/) 


where 




_ dXI “ 


IK (/Mo h»-- '}''iY 


d 


9 - e/ 


(C.z) 


(C.3) 


For given wing displacements, can be evaluated from (3.29) using 

the following derivative formulae from Abramowitz and Stegun (1970). 


(\^ = A<y-i (w^) ^ ^ ^ 

Av (^) = - Av+i Ay (?:) 


(C.4) 

C.S) 


where denotes Bessel functions of the first and second kind, J.y and , 


(I) 12) 

or Hankel functions of the first and second kind, H . and H . 

^ y • V 



220 


Numerical values of the modified kernel function j|C (q) sure obtained 
from polynomial approximations which are obtained from the tabular data in 
Table 3*1 (p- SSS) using a least square criterion (1) . Different 
polynomials are used for different ranges of values of the argument q. The 
accuracy of the' numerical values is three decimal places. The real and 
imaginary parts of iK are shown in Figure 3.4. 

The function Mg (9’ ,0’,) is the negative of M^(9',0|). Hence, apart 
from a minus sign, Mg has all the properties of M^ mentioned in Appendix B 
(see the discussion following (B.18) and Figure B.3}> 

The integral C (0*) is of the general form 


^ ie'-en 


(C!.€) 


In order to evaluate C(9’) numerically, we first write it as the sum of 


three integrals. 


0+J TT 

e'-5 e'+J ' 


= 0, (.s') -f C, (S') + Cj (s') 


(c.?) 


where J > 0 represents a small neighborhood of the singularity. The 
integrals C,(0') and 0^(9') are nonsingular and span a finite interval. 
They can be evaluated using Legendre-Gauss quadratvire, (B.11) and (B. 12). 
The integral C (9’), which contains the Cauchy singularity, can be 


( 1 ) 

The subroutine employed is LSFIT which is currently part of the library 
MATHOBS at the MIT- IPS. 
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evaluated In a manner similar to that for A^(e') In Appendix B. The method 
Is summarized below. We approximate the function H(9*,6|) with a sixth 
degree polynomial, using Lagrange's Interpolation formula, In terms of 



where ^ = T /3 and g^O') are linear combinations of H(0',0', ) at the seven 
Interpolation stations and can be found frcmi Lagrange's Interpolation 
formula. According to (B. 14), the last Integral in (C.8) is Identically 
zero. Carrying out the ranaining integrals and substituting for g^O'), we 
obtain the following approximation for C^(9'). 

C^(e') - ^ | H {e', B'- 3S) - H( 0 ', e'+ 

-4-z. e^-zS) ^ \Ue', 

[ H ~ (C.9) 


The above procedure for evaluating C(9'), like those for A(9') and 
B(9') in Appendix B, are valid for any point along the span except for the 
wing tips. However, for reasons already mentioned in relation to A(0’) and 
B(9'), the above scheme is adequate for the present purposes. 

The numerical examples of Relssner's unsteady Induced downwash 
presented in this work are carried out using an earlier numerical schone 
which, edthough different in some of the details, is similar in overall 
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features to the one described In the above which Is a more efficient one. 
The accuracy of the results are three decimal places or better. 
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APPENDIX D 

DETEHMINATION OF FAR-FIELD INTEGRALS IN TWO DIMENSIONS 


In this appendix we show that the following far-fleld integrals which 
arise in the momentum-theorea approach to calculating the thrust in two 
dimensions (Section 6.2} tend to zero as the far boundary S is removed to 
infinity (see Figure 6.1). 

J(W^-U.^)c^S 

J u w 0^ 5 

■ ■■ 

u W d. S> 

, S4 ■ 

In order to determine an upper bound for these integrals, it sufflcles 
to study the following simplified model. Consider a cylindrical far 
boundary S’ of radius R, centered at the origin, representing S, , S^^ and 
S^, as shown in Figure D.1. As R tends to infinity, using multipole 
expansions, we can represent the airfoil and wake vorticity as a series of 
vortex multipoles located at the origin and along the wake. If the problem 
contains a steady lifting component, the leading term of the multipole 
expansion for. the airfoil will be a vortex, otherwise a vortex dipole which 
produces even smaller dlstrubance in the far field. This is what we expect 
on physical grounds, since a steady lifting airfoil produces larger 
distrubances in the far field than its purely unsteady (small amplitude) 
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counterpart. 

Hence, to find an upper bound for the Integrals In the above. It 
suffices to consider a concentrated vortex at the origin for which the 
velocity potential Is given by 

<p Aj Q ( D • -2 ) 

and the perturbation velocity component In the 6 direction, say w^, on S' 
Is given by 

Wg(R.e)=-lr (T).3) 

The polar coordinate system (r,0) Is shown In Figure D.1. The perturbation 
velocity components u and w (also "q = u 1 + w k) on S’ . are of the same 
order as W 0 . Hence, the Integrals In question are of the order 

J 1^1^ as J A. OCJ^'') (D.4) 

s: s' 

and, hence, vanish as H tends to Infinity. 
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APPENDIX E 

CALCOLATION OF PERTURBATION VELOCITIES IN THE FAR HAKE IN 

TWO DIMENSIONS 


In this appendix, we calculate the perturbation velocities u and w In 
the far wake of a h 2 u?nionlcally oscillating airfoil. These are needed for 
calculating the average thrust, see (6.29)* Since u and w appear only In 
quadratic form. It suffices to calculate them from a linearized (planar) 
wake model. The effects of the lateral displacement of the wake have 
already been taken Into account In deriving (6.29). 

Here, the contribution of the airfoil to u and w Is negligible, since 
the airfoil Is located Infinitely far uptstream. We consider a wake 
extending Infinitely far upstream and downstream of the Trefftz plane. For 
convenience, we employ a cartesian coordinate system (x,,z) which is 
attached to the Trefftz plane at the plane of the wake and is stationary In 
the (x,z) frame. The trefftz plane is given by x^ = 0 . The strength of 
the wake vorticity is given by (see (6.23)) 

(X) « (E.i) 

where 

3(1..) = -jicXl (e.z) 

The perturbation velocity potential in the far wake is given by 

$cx, 3 J ^ 

-QO 
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Making the change of variables 




(t . 4) 


and integrating by parts once, we find 


QO 




;zrr 


-~=- J — ^ 


(£.5) 


The imaginary part of the integral is identically zero due to symmetry. 
The real part is the known Integral 


^ r Cos CUJI) 



•n -uj 1^1 
— -C 

ISI 




ce-6) 


which is found in Dwight (1961). The perturbation potential then becomes 


cj> ^ c XI <2 


— j ui X, -w|2:| 




Sr#p 


CE.T-j 


yhere the sgn function is defined in (B.27). 

The perturbation velocity components in the far vake are obtained frcai 
(E.7) by differentiation, 


U CX, ,2-) = $ (X, af:o 

■ =-^ jk.ii 13 «'CS> CE.S) 

and 

e“'^' <E-9) 

iM 
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As a check we note that, as z 0±, 





-J to X, 


-J. uil 

z 


—joj X, 

e 


(e.io) 


which are consistent with the symmetry properties of vortex sheets In 
unsteady motion. 

The average of the square of the perturbation velocities In the far 
wake is detennined by applying the averaging rule (4.4) to the above 
results. 

1?U,,'iS:) (E.M) 

It Is noteworthy that, in the far wake, u^ and w^, with reprect to the body 
frame, are independent of x. 
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APPENDIX F 

DETERMINATION OF FAR-FIELD INTEGRALS IN THREE DIMENSIONS 


In Section S.5, In calculating the thrust from the momentum theorem In 
three dimensions, we encountered the following far-fleld Integrals 


(p.i) 

(F.Z) 

(see Figure 6.8). In this appendix, we show that the above Integrals 
vaMsh as the far boundary S Is removed to infinity. 

Since the far-fleld disturbances caused by a wing in steady flow are 
stronger than those caused by a wing In small-^plitude unsteady motion, in 
the present case we can find an upper bound for the far-fleld disturbances 
by considering the following simplified steady case. We consider a wing 
with uniform loading across the span. For the far-fleld calculations, the 
wing may be represented by a horseshoe vortex of uniform strength P of 
width 2b as shown in Figure F.1. The perturbation velocity components at a 
field point (x,y,z), have been calculated by Glauert (1947). They are 
given by 


X, =ij" 3 


X^ zs J u. CV CoS 0 4 W S\n e') dlS 


r =£ [■ y 4b 

4fT + 


y-b 

V X.2+ 


1 


(.F-3) 


M = 


-JL ^ 

41T £^-i-(V-bV 


I 


» 4- 
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^ _n_ z f 1 a. ^ 1 


(F.4) 


w = 


-P X 


L 


Y + b 


Y-i:> ~A 

4- lY-b')^4- £2 J 


4fT X2+m2 L\/ XZ- +(Y-f-b)2+^2- Yx2- 


Y-b 


•^TT 


[ 


\ + 


\Zx^4-(V- b)2 2-' 


1 


v + b 


l'+ 


4fT ^2-4-Cy+b)2 *- Vx^-)-(.Y4-b)'*'+ 


•] 


(F.5) 


It can be shown, by suitable expansions of (F.3) - (F*5), that as S is 
removed to infinity* u, v and w are at most of 0(R ) on S , and S^. 
Accordingly, using the polar coordinate system (r,0) in the yz-plane (see 
Figure 6.8), we find 

2fT ^ 

X, = J* f Vv^-u*) 

o 0 


(F.6) 


and 


2TT 

I^- I d& j uCvCosG + ^^JSlrtG')R.d©cjx 

C —ft 


/V oar^) 




both of which vanish as R tends to infirJ.ty. 
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APPENDIX G 

CALCULATION OF PERTURBATION VELOCITIES IN THE FAR 
WAKE IN THREE DIMENSIONS 


In this appendix, we calculate the perturbation velocities u, v and w 
in the far wake of a harmonically-oscillating finite wing. These are 
needed for calculating the average thrust, see (6. 113).. Since u, v, and w 
appear only in quadratic form, it suffices to consider a planar wake. The 
effects of the lateral displacement of the wake have already been taken 
into account in deriving (6.113)* 

As in two dimensions (Appendix E), we consider a Wedce extending 
infinitely far upstream and downwstream of the Trefftz plane and choose a 
cartesian coordinate system (x, ,y,z) which is stationary in the (x,y,z) 
frame and parallel to it. The Trefftz plane coincides with the yz-plane' 
and the wake is the strip 

lyi <b * = 0 C<5.l) 

The components of wake vorticity are given by (6.109) and (6.117) for the 
wing in Figure 6.8. 

■Caig p lation o f .a 

u is entirely due to It follows from the Biot-Savart law and 

(6.109) that uis given by 


CO 






-J U) f - 3 

dS (t) -e 




-b 


*co 
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where 


R, = / (x,-s)^ + (Y-1)^ 


('5.3) 


With the chage of variables ^ = x, - § , the integral over § can be 
expressed in terms of modified Bessel function of the second kind K, (see 
Abramowitz and Stegun (1970)): 


J 


—00 


-juIS -3 


Rj K,(«Ri) (<3.4) 

C, 


where 




(^-5) 


Substituting (G.4) into.(G.2), we obtain 


atx,,'/,2-) = J icf s ‘ J A('|) Ri K, ) 

•2rrCo _b 

(Q-e) 


Calculation of v 

V is entirely due to %y^. Using the Biot-Savart law and (6,117)i we 

find 

4 J '^1 j 'n.(T) e RT K5.?) 

*”t — oo 


where( ) ’ denotes differentiation with respect to the indicated argument. 
Using (G.U), (G.7) reduces to 
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^ 2: J* k^i tuj R.Z CG>.2) 

XU 

Using the asymptotic expansion for K, In (2.142), It can be shown that, as 
z-^o± « the Integrals In (G.6) and G.8) each contain a second-order 
singularity (y and must be Interpreted according to the principle 

value In (2.146). 


qalGiilation of w 

Both components of wake vortlclty Contribute to w. It follows from 
the BlotrSavart law, smd (6.109) and (6.117) that w Is given by 


W(X,,V,^)=. ^ C, J J clS CV-r|)vQ.'(vj) 

. \ . Cq.9) 



The Integral over § In the first term Is given by (G.4). In the second 
term, after the change of variables = x, -§, the Integral over § can 
be expressed In terms of modified Bessel function of the second kind Kg 
(see Abramowltz and Stegun (1970)): 

CO t _ 



t 

e 





-jui Xt 
€ 


Ro (wRa) 


(<5.\0) 


— CO 


Substituting (G.4) and (G.10) Into (G.9), we obtain 

b 


w U, , Yy 2) = ^ Ro 


' J CY-n) Rz Kaw 


i 

VfTCc 


Z -j uJ X 


-b 


-b 


fe. w] 
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Using the asymptotic expansion for K| in (2.142), it can be shown that, as 
2-^o± , the integral in (G.11) which contains K, has a first-order 
singularity (y - ) ' and must be interpreted in accordance with the 

Cauchy principle value (see (B.14)). 

It follows from (G.6), (G.8) and (G.11), and the averaging rule in 
(4.4) that 

^ I u. (X,, Y/ar) 1 ^ 

^ \ VU,, Y, It) 

= -L 1 w V/^) ) 

It is seen from the results of this appendix that in the far wake u, v 
and w have a sinusoidal dependence on x but u^, v^ and w^ are independent 
of X. For actual numerical calculations, for high-aspect-ratio wings, we 
may replace the three-dimensional reduced circulation with its 

strip-theory counterpart il , (3.29) (see the discussion preceding (3.29) ). 
Also, in the limit of steady, flow (a>-^0), the above resists for u, v and 
w reduce to the known steady results. 
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APPENDIX H 

LISTING OF FORTRAN PROGRAMS 


This appendix consists of the primary computer programs used in this 
work for the applications of the present unsteady lifting-line theory. The 
programs are for a rigid finite wing oscillating in combined pitch and 
heave. For additional details regarding the programs see Chapters III - V 
and Appendix B. A list of the primary symbols for the programs are given 
below. All coding is in FORTRAN IV. The programs were executed on the IBM 
370 - 168 of the Information Processing Services at M.I.T. 

The following programs are listed (1): 

i) Program 1 calculates the optimum motion of a finite wing in 
combined pitch and heave. The listing for this program includes the 
subprograms DNWASH, FN2, LG2, FN1 , FN3, LG3 , L2, FN5 , STHEOD, KER, GL1 , 
CM1 and RROOTS. Subroutine DNWASH calculates the unsteady Induced 
downwash. Program 1 also generates the spanwise distribution of the 
energetic quantities at 8 stations along the semi span and the propulsive 
performance of a wing in several non-optimum modes of oscillation. 

li) Program 2 calculates spanwise distribution of unsteady induced 
downwash and section lift and moment coefficients for the wing at 11 
stations along the semi span. 

iii) Program 3 calculates total lift and moment coefficients for, the 

wing. 


( 1 ) 

Duplicate subprograms are not listed 
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LIST_OF_ PRIMARY SYMBOLS 


ALPHP 


AR 

A 

B 

B 

CCO 

c(y)/c<, 

CE 



= CL3DR + J CL3DI 

= (CLOOP + j CLOODP) -|o+ (CL11P + j CL11DP) 1, 
+ (CL22P + j CL22DP) 


= CL2DR + j CL2DI (strip- theory value) 


- (CLOP + j CLODP) So + (CLIP + j CL1DP) §, 
+ (CL2P + i CL2DP) §2 


= (CLSOP + j CLSODP) So + (CLS1P + j CLS1DP). f, 
+ (CLS2P + j CLS2DP) S^ 

5eair^ 


= TCL3DR + j TCL3DI 

c. 

= TCL2DR + j TCL2DI (strip-theory Vcdue) 

(similar notation is used for sectional and total moment coefficients) 

CP 


CT 


CTOB 


CTP 

^7p 

CTS 


CTSCT 


D 

D 

DELTA 

S’ in function FN2 
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DELTAl , DELTA2 S, and Sg, function FN5 
EH k„ with b = 1 (see (3.48)) 

END = 0 or 1 , dumny index to indicate end of dataset 

ETA Hydrodynamic efficiency ; argument of the kernel function 

TTd^ol y* - 

F, G F, G 

JJ s 1, 2|...6 dummy index denoting consecutively the real and Imaginary 
parts of coefficients of , S, euid in the linear 
quantities 

NN = 1f2,3 denotes elliptic, lenticular and cusp-tipped planforms 
respectively 

PAXIS bi_/(Co/A) 

PFP Gl 

PIP, PIDP real and imaginary parts of the kernel function 

■n'(A4^1 y» - *]»1) 

PSI10, PSI20 §,/fo and fz/lo 

S, SI y, ^ 

SIGMA, SIQMAO k, ko 

SR, SI read and imaginary parts of the Sears function 

T, T1 e» , 0f 

THETA 0» 

VAMP, VPHASE amplitude and phase of W* 

W» = (VOP + j VODP) Ho + (VIP + j V1DP)$^+(V2P + j V2DP) 

WI(I,N) Ith abscissa of N- point Legendr e-Gauss quadrature 

WT(I,N) Ith weight of N- point Legendr e-Gauss quadrature 

ZP 
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(ECGEJia 1 

cETEsaisiTiCM cr cptiau.1 ncrios o? a suid ?iih?e wing ih conatsED 
PI7CU AHQ U£AV£ OSIHG OESTSAOl LIFTISO-LiaE tHSORT 

MFLICI? SEAL*fl (X-2) 

CCa?LZX*16 RZ (J) 

ClaESSIOH X1(E4,24) ,*TC».2»» ,A(U) ,P (3,J) ,R (3,3) ,K{3,3) ,r(3,3) , 

5 E(3,3),0£NCn{3) ,PSI10(3) , ?SI20(3) ,ZZ1 (3) ,ZZ2(3) ,ZZ3(3).I.Aa (3) , 

6 CT08(3) ,ETA(3) ,Z?(3) ,AirK? (3) ,CT3CT (3) 

IZZESEB Aa,£.<IO,I.K,tiH,a,aPv,J1,J2,JJ 

CCEECH/IPSA VXl,ill/AEEA3/0AaaA,EH/iSE44/SI5HA0,?l,NM,AB 

PI«3.141S%26535S97900 

GAanAo. 5772 1586490 1S34C0 

PIIZV»1. DO/PI 

PIiaV2»PIIKV»PIIH» 

JE1D401, ((Xi(l.II) ,I«1,B| ,K-4,24,4) 
iEAD401, ({WT (X,S) ,I»1 ,S) , S^,24,4) 

401 FCaaA?(20Z,F20. 15,32X) 

88 E£A04O2,SlGnAO,AE,£!tO,HN 

402 fCE!!AT(F9.6,X2,3X,I1,4Z,1 1) 

IDEKTin PU8FCEB 

GOTO (200,201,202) ,HS 

200 £B>4.O0/PI 
PElBT300,3IGaA0,AS,H8 

300 ICEBAT(M*,'SICaA0»*,?8.5,2Z, • AS- • ,13, 21, 'Eli** ,23, 2Z, • ELLIPTIC 
S8ISG') 

GO 10 303 

201 11N1.5D0 
PBIirc3O1,SIOai0,AE,HS 

301 rcEEAS(n»,*SlGaA0»*,F8.5,2Z,*18«',I3,2I,'NN*',I3, 2Z, •LESTICOLAH 
cizaG') 

GO TO 303 


PGB10001 

pcaiooo 2 

PGR10003 

pcaioooa 

pcaiooos 

pcaiooo6 

PGai0007 

pGaiooos 

PGai0009 

pcaiooio 

PGaioon 

pcaiooi 2 

pcaiooi3 

PGai0014 
POB10015 
PGR10016 
PGB10017 
PGB10018 
PGB10019 
PGB 10020 
PGB10021 
?Gal0022 
PG310023 
PGB10024 
PGB1002S 
PGB10026 
PGB10027 
PGal002S 
PGB10029 
PGH10030 
PGB10031 
PCai0032 
-P3B10033 
poaioo3a 
PGB10035 
P6B10036 


202 £5«16.B0/(3.E0»PI) 

PSlBT302,SlGaAO,AE,NB 

302 rOSBATC 1 • , • SIGB A0-* , P8. 5,21 , 'AH« • ,13,21, 'HB»* ,23, 21, 'COSP-TIPPEO 
58IBGM 

303 COETXBOE 

CUCOLATZOM C? THE QOLDBAIIC FCSaS P.EP3ESZBT2HG THE BHEF.GEI2C 
QOASTITIES. 

SlaOLTABEOOS IKTEGPATIOB CF 18 I3TEGEALS (COEFF*S OP THE QOADBATIC 
fCSaS) 0S2HG 16-POIBT LEGENOBE-GAOSS gOACSAXOEE 

B-16 

JEIST33,S 

33 rOEBAT(*0*,'S«*,13) 

S031«0. 00 
£032*0. EO 
S0B3*0.00 
£0a4»0.D0 
soas»o.DO 
£036*0.00 
£087*0.50 
£038*0.00 
sua5»o.ro 

SUa13*0.D0 
£0311*0.00 
50312*0.00 
£0313*0.00 
£0H14*0.C0 
508 15*0.00 
£0016*0.00 
£0ai7*0, 00 
508 13*0.00 
E*S/2 

. tc 10 1*1,3 

1HETA*.5D0*PI* (1.C0+Z1 (I.S)) 


PGB10037 

PGB10038 

PGal0039 

PGB10040 

PGB10041 

PGB10042 

P6al00«3 

PG810044 

PGB1004S 

PGB10046 

PGaiooa? 

PG810048 

PGB10049 

PGB100S0 

PCBICOSI 

PG8100S2 

P6B100S3 

PGB100S4 

PGB100S5 

paaioo56 

PGB100S7 

pcaiooss 

PGB100S9 

PGB10060 

FGB10061 

PCB10062 

PGB10063 

PCB10064 

PGB10065 

PGB10066 

PGB10067 

PGB10068 

PGH10069 

PGB10070 

PGB10071 

PGB10072 
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S>DC3S(tHETA) 

CCQ-(1.D0-S»S)»* (MN/2.B0) 

siani>siC3iO*cco 

«ic 2 «sica.\*sii;a.\ 

CALL STHECD(SlC3A,?,a,C.B,SS,SI) 

S2»S3«SE»S1*3: 

CALL DltHASU(S,V0?,V3D?.V1 F.71DP, V2?,V20?) 

CALL CL1(S,V0P,»00P,»1P,V1DP,»2P,»23P, 

S CLOP, CIOOP, CLIP, CL1 OP, CL2P,CL20P, 

5 CLS0P,CLS3DP,CL312,CLS1C?,CL32?,CLS20P, . 

6 C100?,CL30DP,;L11P,CL110P,CL22?,CL22DP) 

CALL cm (S,V0P,»0DP, TIP, V1DP, V2P,P2DP , 

5 C30P ,CaODP,CS1P,CmD?,C!<2P,Ca2DP, 

6 C3S0P,CaS0DP,CSS1?,C3S1DP,C2S2?,C3S20P, 

e cnoop,c300op,csii?,caiiop,c322p,ca22o?) 

CQ«DSia (THETA) 

VUBBEBS OH CP, CTP, CTS AMD C7 COSE ESPCNO TO 3A7SXX POSITIONS 
(1,1), (2,2), P,3), (1,2), (1,3), (2,3) EESrBCTIVELt 

SSCTIC3AL POMES EEQDIBEO 

id— SIG«AO*PIINT 

C?1=CL00DP«iC1 

CP2— «.C0»CB11D?»AC1 

CP3«*.D0»CH22P»AC1 

CP«« (CL11OP-i«.C0»CE00D?) » .5D0«AC1 

CP5»(C122D?*«.00»C300P)». SD0*AC1 

CP6«2.D0* (Cal1P-CE22DP)»AC1 

P8IHT17 

17 rOHHATCO' ,'SECTICHAL POMES BSaOISED IS:') 
fEIBT20,S,CI1,CP2,CS3,C?4,C?5,C?6 

20 POSHIICO' ,'S»',P6;3,1X,'C?1«' ,010. 4, IX, »CP2»' ,010. 4, U, 'CP3»', 
S 010. 4, U,'C?4»', 010.4, IX, 'CPS*', 010.4, 1X,'CP6*' ,010.4) 

SECTIONAL THBOST E3C3 NCBSU FOSCS AT THE BING 


PGHi0073 

PGH10074 

PG310075 

PGH10076 

POS10077 

PGR10078 

PG310079 

PGHIOOaO 

PGH10081 

PGH10082 

PGH10083 

PGH10084 

P6H10085 

PGH10086 

PGB10087 

PGH10088 

PGH10089 

PGH10090 

PG810091 

PG310092 

PGH10093 

P6H10094 

PGal0095 

PGal0096 

PGal0097 

PGH10098 

POH10099 

PGaiOlOO 

PGH10101 

PGal0102 

pcaioio3 

PGH10104 

pGaioios 

pcaioioe 

PGB10107 

PGal0108 


iC2»2.00*?2IST 

CTP1»0.00 

C1P2«CL11P*AC2 

CTP3>CL220P« AC2 

CT P4-CL00 P* . 5 CO* AC 2 

cr?5»CL000P*.5D0*AC2 

CTP6*(CLnOP*Cl22P) *. 500* AC2 

SECTIONAL LIACING-EDGE SOCTIOH F08CE 

A1«G»SIG3iO 
A2«G*SIGai-2.00* F 
A3«2.C0*G*SIGHA* (F-l.CO) 

E1*-F*SIG3A0 

I2«-(2.00*G*F*SIG!A-SIGaA) 

B3«-2.00*F*SICEA* G . 

C1»SH*T0?-SI* VODP 
C2«S2*T1P-SI*T13P . 

C3«SS*T2P-SI*V2DP 

C1«SE*¥OOP*SI*TOP 

C2*SS*V1DP*SI»V1P 

C3«Sa*T20P*Sl*T2P 

CIS1»CC0*(SIGaA0*SIG3A0*D ♦4.00»(A1*C1 

6 ♦B1*C1)) 

CTS2»CC0* (SIG2»(4. C0*SIC2) *0-2. 00*SIC2»?-4. E0*SIG3A*G 
6 *4. 00» (A2*C2*32»02) ) 

CTS3*CC0* (SXG2* (4. 00*SIG2) »0-2.00*SlC2*F-4. CO*SIGHA*G 
6 ♦4.D0-(A3*CJ+33*D3)) 

CTS4«CC0»(-SICEA*SIG3A0*B ■ *2.00* 

6 (A1*C2*A2*C1»B1*D2+82«01)) 

CTS5»CC0* (2. DO»SLGaAO*0-3IG3 A*3IG3iO*G 
6 +2. 00* (A1*C3*A3»C1* B1«J3*B3*D1) ) 

CTS6»CC0*( 2.00* (A2*C3*A3*C2*B2*03 

C *33*02)) 

PKI1IT13 


PGai0109 

PGB10110 

P0H10111 

PGH10112 

PGai0113 

PGai0ii4 

PGBIOliS 

PQal0116 

PGai0117 

PQaioiis 

PGaioii9 

PGaioi2o 

pcaioi 2 i 

PGB10122 

PGH10123 

PGB10124 

PGH1012S 

PGB10126 

PG810127 

PGal0128 

PGal0129 

PGH10130 

PGB10131 

PGB10132 

PGB10133 

PGH10134 

PGai0135 

PGa10l36 

POB10137 

PGB10138 

PGH10139 

PGal0140 

PGai0141 

PGB10142 

PGH10143 

PGB10144 
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18 IOSBAT(’0*,*SECTIC:i»L LE SOCTICS IS:M 
PEI8'?21,S,CTS1,CIS2,CTS3,CrS«,CrS5,CIS6 

21 I0B2AT CO*, *S«', F6.3, U, *CTJ1«*, Dia.«,1X.*CTS2** ,D10.«,1I,*CTS3«' , 

s cio.n.u.’crsa*' ,oio.!i,ix,'or55»*,Dio.4, ii, 'crsea'.oio.a) 

SECTIOHEL TBROST 

CI1»CIP1»C1S1 • 

Ct2»CrP2*CTS2 

CT3«;iP3*CTS3 

c;4»cTP«*crs4 

CT5CP5+CTSS 

CI6»C"?6*CIS6 

PEI«19 

19 rOEBJT(*0' .'SECnOSAL THEOSr ISs*) 
PBI8T22,S,CT1,CT2,CT3,C?U,cr5,CT6 

22 FCE3iT('0','3-'.r6.3,U.' CTI*' ,D 10. 4, IX , *CT 2»* ,D10. », IX, 'CTS-', 

S DIO.W.lX.’CTUa'.OlO-**. •CTS«*,!>''0.4,U,*CT6a* ,010.4) 

SOH 1-SUai *<30* 4T (1,8) »C?1 
S0a2«SU32»QQ»ST (1 , S) »CP2 
saa3«saa3*QQ* WT (I, s) »CP3 
SUa4»Sa«4*QQ*ST(I,8) *CF4 
J0a5-S0a5*QQ*«T(I,8)»C?S 
S0a6«S 0a6*QQ* XT (1 , M ) »C ?6 
soa7«saa7*CQ“«T(i,a) -CTP1 
soa 8« 3 oa 8 ♦00- XT (1 , M ) *CT?2 
S0a9-SaR9-00-<IT(l,») -CTP3 
soaio-saara+oQ-wT (I,h)-c:p 4 
soa ii»suaii-oo*«T (i,H) -CTFS 
soai2-soai2>oo*«T (i,H) «c:p 6 
SOal3«SORl3+00*XT (I,H) -CTS1 
saai4»soal4*oo* XT (1,3) -CTS2 
303 15-30815+00* XT (1,3) -*CTS3 
Sna16«30a16>00*«T(I<3) *CTS4 
SORl7«SOa17+OQ»XT (I,H)-CTS5 

10 S0Bl8«S0al8+0Q*XT(I»S) »CT36 


pcaioiaS 
PGnl01«6 
PGB10147 
PGB10148 
PGB10149 
PGB10150 
PGR101S1 
PGB101S2 
PGB101S3 
FGB101S4 
PGB10155 
PGB101S6 
PGB101S7 
PG 810158 
PGB10159 
PGB10160 
PGB10161 
PGB10162 
PGB10163 
PGB10164 
PGB1016S 
PGB10166 
PG a 101 67 
PGB10168 
PGB10169 
PGB1017Q 
paaioi7i 
PGB10172 
P6810173 
PGB10174 
PGB1017S 
PG810176 
PGB10177 
P6B10178 
PC810179 
PGB10180 


BATEIX OF OOAOEATIC F'CEB FOB TOTAL POXEB EEOOIEED 

AB1-.5D0*PI*EH 
I (1,1)-Afl 1-SOB 1 
F C2,2)«AB1*S0B2 
P (3,3) -101*3083 
1(1,2) -101*3084 
P(1,3) -*E1*S0B5 
E(2,3) -iB1»S0R6 
P(2,1)-P(1,2) 

I(3i1)-?(1,3) 

P(3,2)»P(2,3) 

EEIET23 

23 FOSalTCO', '31TB1I OF QOIDEITIC FOBB FOB TOTAL POXEB BBQDZEEO: ') 
10 13 1-1,3 

13 iaiST3,?(I,1),?(I.2),?(I, 3) 

3 FOE3AT('0*,3{F14.a,3X)) 

BATEIX OF OOAOEATIC FOBB POE TOTAL THEOST FBOB SOBBAL FORCE AT 
THE XING 

B (1 ,1) -13 i*soa7 
F(2,2) =AB1»S0aa 
E (3,3) -AE1-S0B9 
E(1,2) -AB1-S0B10 
E (1,3)-A61*S0B11 
E (2,3) -A31-S0B12 
E(2,1)-B (1,2) 

E(3,1)-E(1,2) 
f (3, 2) -3(2,3) 

BITEZZ OF QOADEATXC FCE8 PCS TOTAL LEA0133>£DC£ SOCTICM FOECS 

»(1,1) -181*30813 
R(2,2)»Aai»S0R14 


PG810181 

PGa10182 

PGB10133 

P6B10184 

PGB10185 

PGB10186 

P6B10187 

PGB10188 

PGB10189 

PGH10190 

PGB10191 

PG810192 

PGR10193 

PGB10194 

PGB10195 

paaioi 96 

PGB10197 

PGB10198 

PGB10199 

PGal0200 

PGB10201 

PGB10202 

PGB1020J 

PGB10204 

PG81020S 

PGB10206 

PGB10207 

PGB10208 

PGB10209 

PGB10210 

PGB10211 

PGB10212 

PGB10213 

PGB10214 

PGB10215 

PUB10216 
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l(3,J)«AEt*SU.'I1S 
11(1,2) »ic1» SUM 16 
K (1 ,J)*A3l'*SU«17 
K (2,i) 1*SU3ia 
K(2,1)»K(1,:) 
ll(3.1)«K(1,2) 

M3,2)«K(2,3) 

PRIKT24 

2» f08RiT(*0 *, 'BAtSIX OP aUADSAriC POBB fOB T3T1I. LI SOCTIOS:*) 
CC 14 1-1, J 

14 rfIJiT3.K<:,l).I(I,2),MI.J) 

C 

C 81IHIX CP coicmic PCBB POB lOTII. laf^OSt 

c 

T{1,1)»R<1,l)*lt{1,1) 

1!(2,2)-E(2,2) >K(:,2) 

T(3,3)«B (3,3) ♦K(3,3) 

K 1 , 2 )-a( 1 , 2 )>K( 1 , 2 ) 

m,3)»a(1,3)»K(1,3) 

T(2,3)-B(2,2)*K(2,3J 

5(2,1)-T(1,2) 

1(3,1)»T (1,3) 

1(3,2)-T(2,3) 

FE1ST25 

25 fcaa*'r(*o*, o? qdaoeitic pobb poh totii xheost;*) 

to IS 1-1,3 

15 SE1ST3,I(I,1) ,T(I,2),T(I,3) 

c 

C BATBIZ OP OaADFA'lZC PCBfl FOB TOIAL CBEEGT LOSS BATE 

c 

Z(1,1)-P(1,1)-5(1,1) 

I(2,2)-P(2,2)-T(2,2) 

i(3,3)-P{3,3)-:(3,3) 

I(1,2)-?(1.:)-T(l,2) 

I(1,3)-P(1,2)-T(1,3) . 

I (2,3) -P (2,3)-: (2,3) 


pani02i7 
PGB10 21S 
PGB10219 
PGB10220 
PCB10221 
PGH10222 
PCB1022J 
PGB10224 
PGB1022S 
PGB10226 
PGB10227 
P6nl022S 
PGH10229 
P6B10230 
PGS10231 
PGB10232 
P6R10233 
PGB10234 
PGB10235 
PGB10236 
PGB10237 
PGBi0238 
PGB10239 
PGB10240 
PGB10241 
PGB10242 
PGB10243 
PGB10244 
PGB10245 
PCB10246 
PGB10247 
PGB10248 
PGB10249 
, PGB10250 
PGB10251 
PGB102S2 


l(2,1)-2n,2) 

I(3i1)-E(1,3) 

1(3 ,2) -8(2,3) 

FBIHT25 

26 ICE-AT('0'. 'BATBIZ OP QUAOBATZC POSB FOB TOTAL EB8PGZ LOSS BAIZ:*) 
to 16 1-1,3 

16 PRIHT3,E(I,1),8(I,2),8(t,3) 

C ' ■ 

C C8AEACTESISTICS C? A RIGID ELLIPTIC BIBO IB POES PITCH AHD PORE 

C ■ BSA7E 

(.-■■■ 

CEH-B(1,1) 

CPH-P(I.I) 

CEP-M2,2) 

CPr-?{2,2) 

PE1KT188,CSH,C?H,CE?,CPP 

188 IQEBAT('0'. !CEH-1, 210. 3, 21, 'CPH-' ,010. 3,21, 'CEP-? ,010.3,21, 
e ?CPP-f ,010.3) 

CTB-T(1,1) 

CTP-T(2,2l 

CTSb»K(1,1) 

CTSP»K(2.2) 

aSCrH«K(1,1)/7(1,1) 

CtSCTP-R(2,2) /T(2,2) 

PElHT199,CTH,c:?,CrSH,CTS?,CTSCTR,CTSCTP 
199 TCBBAT('0', •C7H»',C10.3,2X,<CT?»', 010.3, 2X,'CTSH=* ,010.3,21, 

6 'CTS?-' ,010.3,2X,'Cr3CrH=',F10.3,2X,'C7SCTP-SP13.3) 

ETAH»1.00-S(1,1)/P(1,1) 

ITAP-1.00-E (2,2)/? (2,2) 

PRINT177,£TAa,ETAF 

177 fOHBAT('0','ETAH-',?10. 3,2X, 'E:AP-',P10.3) 

C ' 

C EETEHBIXAIIOH OF THE OPTIHOB flOTIOH 

C 

C CCEI'S OF SECOLAF EQ 

C J (1)*Z*»3*A (2) •2»»2*A (3)-Z*A (4) -0 


PGB102S3 
PG BIO 25 4 
PGB102S5 
PGB102S6 
PGB102S7 
PGB103S8 
PGB102S9 
PGB10260 
PGB10261 
PG810262 
PGB10263 
PC:b10264 
PGB10265 
PQfli0 266 
PGB10267 
PGB10268 
PGB10269 
PGB10270 
P6B10271 
PGB10272 
PGB10273 
PGB10274 
POB10275 
PGB10276 
PGB10277 
PGB10278 
PGB10279 
PGB10280 
PGB10281 
PGB10282 
PGB10283 
PGB10284 
PGB10285 
PGB10 2S6 
PGB10287 
PGB10288 
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c 


c 

c 

c 

c 


»(1)«-P (1,1)*P(2,2)*P(3,3) -:-C3«P(1,2)*?(1,3)*P(2,3) *P(1 ,!)• 
e P(2,3)«P (2,3) *P (1,3) *P (1,3)»P(2,2)*P(1,3)T(1.,:)»P(3,3) 
*{:)>P(1.1)*P(2,2) *£(3,3) ♦F.(1,1)»?(2,2)»?(J,3)*P (1 ,1 ) «S (2,2) • 

6 P(3,3)*2. CO*? (1,2) *P (1 ,3) *E (2,3) ♦2.00* P( 1,2) »E(1, 3) *P(2, 3)* 

S 2.00*E(1,2) »P (1,3) «?(2,3) -B(l, 1) •? (2.3) ♦ P (2 ,3) -2.D0-P (1,1)* 

5 E(2.3)*? (2,3)-P (1,3)*? (1,3)*3(2,2)-2.C0*E(1,3) •?(1,3)«P(2.2) 

6 -P(1,2) *9(1,2) *E(3,3)-2.B0*E(1.2)*P(1,2)-P (3,3) 

i(3)— E(1,1)*E(2,2)*? (3,3) -2 (1,1) *P (2,2) »E (3, 3) - ?( 1, 1) *S (2, 2) • 

6 B(3,3)-2.E0»P (1,2) »£ (1 ,3) • B(2,3) -2.03*2(1,2)*? (1,3) *8(2,3)- 

5 2.C0*S(1,2)*2(1,3)*?(2,3)*?(1,1)'E(2.3)*E(2,3) ♦ 2. DO-8 ( 1, 1) • 

S E(2,3) •?(2,3)*2(1,3)*E(1,3)‘.P(2,2) *2.00*8(1,3) *P (1 ,3) *8(2 ,2) 

5 *£(1,2)*E (1,2)*P(3,3)*2.00*2(1,2)»P(1,2)*E(3,3) 

*(«)•£ (1,1) *2 (2, 2) *8(3,3) ♦2,00*8(1,2)*£(1,3)*£(2,3)-B(1,1)*8(2,3)* 

6 E(2,3)-2(2,2)*E(1,3)*E(1,3)-B(1,2)*E(1,2)*E(3,3) 

cz;£S8:ka;icn cf tee eccts or tub secuias bq. abd the solotios fob 
EACH 3001 

J1*1 

cut BEC0‘tS(A,BZ,H9B) 

CO 444 1-1, BRB 
U8(I)-BZ(I) 

BBHOn (I) * (B (1 ,2) -tA(l (I) *P (1 ,2) ) - (E (2,3)-LA3 (I) *P (2,3) ) - 
6 (8(1.3) -LAH (I) *P (1 , 3) ) • (E (2,2)-LAH (I) *P (2 ,2 ) ) 

PSI10(I)-((E(1,2)-tia(I)*P(1 ,2))*{E(1,3)-LAH(I)*P(1,3)) 

6 - (E(2,3)-tAH(l) *P (2,3))- (B(1,1)-IAB(Z)«P (1 ,1) ))/DENOH(Z) 

PSI20(2)«((E(2,2) -tAH(I)*P (2 ,2) ) • (B (1.1) -LAB(I)*P ( 1, 1) ) 

6 -(Z (1,2) -LAB (I) *? (1,2)) • (E(1,2)-lAa(X)«P(1,2)))/DBBba(Z) 

XXI a)*PSI10 (I)*PS110 (I) 

XX2 (I) -PSI2C (I) *PSX20 (I) 

1X3(1) *?SX10(I) *PSX20(I) 

CTOB(I) *7 (1,1) *T (2,2) *XX1 (I) *T(3,3) *XX2{X) *2.00*T (1 ,2) -PStIO (I)* 

6 2.00*1(1, 3)*PSI20 (I) + 2.D0*T(2,3)*XX3(I) 

PBXHT1,I,PSX10 (X) ,?SX20(I) ,CT03 (I) 

1 PCBBATCO*, 'I-MI, IX, 'PSX10 (X) ■* ,010.4, 2X,* PSX20 (X) D1 0.4 ,2X, 


PCal0289 

pcal0290 

PCai0291 

pcai0292 

pcal0293 

PCB10294 

PCal029S 

?<:ai0296 

PCal0297 

Pcal0298 

POH10299 

pcai0300 

PGB10301 

PGH10302 

PGB10303 

PGal0304 

PGB1030S 

PGai0306 

PGH10307 

PGai030U 

PG810309 

PGH10310 

PG810311 

PGB10312 

PGH10313 

PG810314 

P6al031S 

PGH10316 

PG810317 

P6B10318 

PGH10319 

PG810320 

PGB10321 

PGB10322 

PGH10323 

PGH10324 


5 •C10B(I)*',010.4) 

1F(CT0B(I)) 112,113,113 

113 ElA (I) *1.00- ( (E ( 1 , 1) *E (2, 2) * XXI (I) *B (3,3) *XX2 (X) ♦2.00*E (1 ,2) • 

e PSI10 (X)*2.CO*E(1,3)*?SX20 (I)*2.D0*E (2,3)*XX3(X)) /(P (1, 1) ♦ 

6 P(2,2)*XX1 (X)*P(3,3) *XX2(I) *2.D0*P (1,2)*PSI10 (X) *2.00* 

e P(1,3)*PSX20(I) ♦2.D0-?(2,3)*XI3(X))) 

2? (I) -OSQBT (XX 1 (I) *XX 2 (1) ) 

ALPBP (I)*DA1AM2(?SI20 (1) ,95110 (I) ) 

IF(ALPHP(I)) 217,218,218 

217 AL?aP(I)*2.00*?I*AL?HP (I) 

218 ALPH? (I) *180.£Q*A19H?(I) /PI 

CTSCT(I)*(K(1, 1) *E(2, 2)«XI1(I)*K(3,3)*XX2 (I)*2.00*X(1 ,2) *PSI10 (I) ♦ 
S 2.C0*K (1 ,3)*?SX20(r) *2.D0*X (2,3) *XX3 a))/CT0B(I) 

GC 10 (110,220,330) ,J1 
110 IXS1*LAH(I) 

C10B1*CT0B (I) 
mi- ETA (I) 

2P1»2?(I) 

UPH?1-Ai?HP(l) 
ciscii-ctser (I) 

J1-J1*1 
GO TO 4 44 
220 IA82*UB(X) 

CTOB2-C-OB (I) 

ETA2-ETA (I) 

2P2-Z?(I) 

AIPUP2*AL?HP(I) 

CISC12-C1SCKI) 

J1-J1 + 1 
GC 10 444 
330 1AB3*LAB(I) 

CTOB3*CTOB (I) 

ETA 3* ETA (I) 

ZP3*Z?(I) 

AIPH33*AL?H?(1) 

CTSCT3*C1SCT (1) 


PGal032S 
PGB10J26 
PGB10327 
PGH10328 
P6al0329 
PG810330 
PGB10331 
PG810332 
PG810333 
PG310334 
PGH1033S 
P6810336 
PGH10337 
P6H10338 
P6B10339 
PGB10340 
PG810341 
PGB10342 
PGB10343 
PGB10344 
PGB10349 
PGB10346 
POH10347 
P6ai0348 
PGB10349 
PGB103S0 
PGB103S1 
PGB103S2 
PGB103S3 
PGB10394 
PGal03SS 
PGB10396 
PGH10357 
PGH10 3S8 
PGB10359 
PGB10360. 
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GC IQ 44U 

112 ?Ei»rii«,Hr.t,i 

114 f0Si'IAT(’0', 'NC OPT. FOE THIS LAHSCA. CIOOAE IS NEC. • ,2X, ' MKE>* ,11 , 
6 2X,*I»’,11) 

444 CCSTIHUE 
C 

C PICA CHI THE CPT. SCLOTIOM 
C 

J2«J1-1 

IFCJ2.EQ.0) GO TO 666 
GO a: (109.219,229) ,J2 
109 EU.T>LA.'t1 
BCT08«CTOB1 
E£TA«ETA1 
E2P-2P1 
EAIPUP-AXPHPI 
BCTSCT»CTSCT1 
GO TO 555 

219 IF (CTA1-ETA2) 208,203,109 
208 EXAa>LA32 
ECT0a-CT0B2 
E£TA>ETA2 
EZP«ZP2 

' BALSHP<1L?HP2 
ICTSCT»CTSCI2 
60 TO 555 

329 IF(ETA1-ETA2) 408,408,409 
408 1F(£TA2-ETA3) 401,407,208 
401 E£Aa>LAS3 
ECT03»CT0B3 
EST1-EIA3 
E2P-ZP3 
BAlPaP>AXPHP3 
ICISC?»CTSCT3 
GO TO 555 


P6B10391 
PG310398 
PSH10399 
PGB10400 
PGH10401 
PGB10402 
PG a 10403 
PGH10404 
PGni0405 
PGB10406 
PGB10407 
PGH10408 
paai0409 
PGH10410 
PGB10411 
PGH10412 
PGH10413 
PGB10414 
PGH1041S 
?an10416 
PGH10411 
PG310418 
PGH10419 
PGH10420 
PGH10421 
PGB10422 
PCal0423 
PGB10424 
PGB1042S 
Paal0426 
PGH10427 
POai0428 
?aai0429 
paai043o 
poai043i 
POa10432 


409 1F(ET11-ETA3) 401,407,109 
555 SFIBT511 

511 I083AT(*0','THE CPTIHOH SOLOTIOH IS:*) 

PEIBl210,8lAa,ECT0B,S£TA 

210 ICSHAT ( '0* ,* 1AK« *, 010.3, 2X, * 010.3,2X^* ETA«’ ,710.3) 

FilSI211,BZP,EALPHP,8CTSCT ^ ^ 

211 ICEaiT («0*, 'ZPi'.ClOiO.ZX, •U?HP-*,P10.3,2X,*CTSCT»*,F10.J) 

CPTIHOa IH IIGHTUItL'S HOTATIOa 

EAtPHP'PI'BAIPHP/laO.CO , ' 

P4XIS«(-.5EO»DCOS (EALPHP) )/BZP 
PFP— 2.00*BZ P/ (SIGOAO* DSI 8 (BALEHP) ) 

SBXHT2 5F^#P4X2S 

2 ?CSaATVo*’,*C?T IS tlGHTHILL SOTATICS: PEOPOETIOSAL-FSATHESISG PA 

6EiH£Tia»*,Dl0.3, 1X, 'PITCH AXIS PE? 3131 EOOT CH0E3»* , B10.3) 

FEOPOLSIVE FESFOESABCE 0? A PI3ITE 819G IS COHEISEO PITCH ASD 
HEA1E IH LIGHTHILL'S SOTATIOS, PITCH AXIS LOCATED AT 3/4 CHOEO. 


EBIST4 

4 FOE3AT('0','A FABILT OF SOLOTICSS IS LIGHTHIIL'S SOTATIOS*) 
EAXIS».SD0 

PFP*. 2DO 

5 nDD»1.CO/(SlGMAO«SIGaAO«PFP*PF?)., 

PAX1S2-PAX1S4PAXIS 

EO»?AXIS2*DDD 

C?Sn0»-.5C0*PAXIS/DD 

CPSI20 — .500/ (DD»SICaAO»PFP) 

CXX1«CP3110*CPSI10 • 

CXX2«C?SI20*C?SI20 

CXX3»C?SI10«C?5I20 

CETA«1.D0- ( (E (1 ,1) *8(2,2) »CX X 1*S (3, 3) •CXX2 *2- 00* E (1 ,2 ) "CPSII 0*2 . DO 
G •£ (1 ,3) •C?SI20*2.D0«£ (2 ,3 ) ‘CXXO) / {? ( 1 , 1) ♦ P (2, 2) ‘Cl X 1* P (3, 3) • 

S CXI 2* 2. 00*? (1 ,2) *C?S1 10*2.00*? (1 ,3) *C?3I20*2. 00*? (2,3) *CXX3) ) 
CCT03»T (1,1) *T (2,2)*C1X1*T (3 , 3) »CXX2* 2. 30*T (1,2) *CPS1 10*2.00* 


PGH10361 
PGH10362 
?aa10363 
PGal0364 
PGH1036S 
PGal0366 
PCnl0361 
PGH1036H 
PGB10369 
P6ai0370 
PGB10371 
PGB10312 
PCai0 373 
PG8 10314 
PGai037S 
PGB10376 
PGal0377 
PGal0378 
PGB10379 
PGB10380 
PGB10381 
PGal0382 
PGB10383 
PGB10384 
P6B10385 
PCai03S6 
PGal0387 
pea 10388 
PGB10389 
PGH10390 
PGH10391 
PGB10392 
PGB10393 
PGB10394 
PGB10395 
P6a10 396 
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6 I(1,3)*CPSI20*2.00»T(2,3| »CXX3 

CCrSCT* ;k <1,1) *K (2,2) -CXX 1*« (3,3)»CIX2»2.D0*K (1,2) *C?SI10*2.D0* 
6 K (1 ,3)»Cr3I2O*2.E0»K (2,3) •CXX3)/CCT0a 
. CT2«<*.D0*rl*CCTJ8 

FEIST'), TAXIS, ?FP, C2TA, C?2,CCrSC?,C?SI10,CPSI20 
9 FOE BAT Ca'.'PAXIS* *,00.3, IX , • ?FP»* , 010. 3, 1 X, • ETA»* , DIO. 3 , 1 X, 

6 'CT2»>,I10.3,1 X,*CT3CT»' ,Dn.3,lX,*9Sn0«*,D10. 3, IX, *PSI20a', 

G CIO. 3) 

If (PFP.GT.. 99500) GO TO 666 
II (PPP.GT..9SD0) GO to 7 
lF(?f?.GT. .7C0) GO TO 6 
Pf9»PFP*.2tO 
GC to 5 

6 pr?«PFP>.06C0 

GC TO 5 

7 ErP«PP?».01C0 
GO TO 5 

666 XF(ENO,liE. 1) GC TO 88 
Stop 
ZIO 


PGaiO«33 
PGn1043<l 
PCB10435 
PGB10436 
PCB10437 
PGB10438 
PG.H0439 
PG 1110440 
PGni0441 
PCai0442 
PGH19443 
PGB10444 
PCai044S 
PCai0446 
PGB10447 
PGB10448 
PGH10449 

pcaiouso 

PCai0451 

PGB104S2 


SOBEOOTIEE OBSlsa (S,TOP,TODP ,71? , T1 DP , T2P, V20P) 

CALCOIATIOH OF GttSTEAOT IHEOCEO D08V9ASH OF OESTEAOT 1.IFTIHG-LISE 
TBZCat 

SEil*8 S,yOP,T30P,T1P, 710P,72P,720P,SICaAO,EPSIS,GAaaA,PlSQ8,I£BB1 
G ,TEaB2,T£SB3,C0SST, 182,1.1 ,VEL.F83,Pl,FMS,CC0,SlGaA, S8, T 
XBTCSE8 AS 

COaaC8/AEEA2/SIGaA,CCO,JJ/ASSA3/GAaaA,£8/ASEA4/SIGaAO,PX,8S, AS 
CC0«{1.00-S»S)»»{.MN/2.E0) 

SIGBA>SISaAO*CCO 
t«CASCCS (S) 

DC 9 JJ«1,6 

FOE POBX aCA7E, TO SA7E CCBPOTATIOS TIBE, EEPL1C8 DO 9 JJ-1,6 BT 


71P-0. 00 
710P>0.00 
T2P>0.00 
1201 * 0.00 
to 9 JJ-1,2 

K)B PUBS PITCH, TO SAVE CCaOIATIOH TISE, 
VOP-0.00 

iaop«o.o9 

12P*0.00 
12OP*O.D0 
CO 9 JJ*3,4 

c 

TI2 31»-ES'FS2 (T)/ (4.D0«AE) 

TEF B3>-SiaaA0* IS 3 (T, EPSLS) /4 . CO 
TEEH2*.5C0»SlCSA3*r:i5 (T,EPSL») 
YEL«T2HHl*IE.1.12*tEP.S3 
GO TO (1,2, 3, 4, 5, 6) ,JJ 
1 70P»VEL 


OLLT0001 
OLLT0002 
01110003 
DLLT0004 

aiuooos 

OIIT0006 
0LLT0007 
OILT0008 
OLLT0009 
0LLT0010 
OL1.T0011 
0LI.T0012 
OLlTOOn 
0LLT0014 
OLX.T0015 
OLLT0016 
OtlT0017 
0LIT0018 
0LLT0019 
OI.LT0020 
0U.T0021 
OIITO022 

EEPLACE DO 9 JJ*1,6 BT OLLT0023 

0I.1.T0024 

OLLT0025 

0LLT0026 

OLLT0027 

0L1T0028 

at. 1.70029 

OLLTOOSO 

OLLT0031 

OtLT0032 

0LtT0033 

OLLT0034 

DLLT003S 

0LLT0036 
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GC TO 9 

2 900C>v:i. 
GC TO 9 

3 

GC TO 9 
» T10?*V»L 
GC rc 9 

5 »2P»VEL 
GO TO 9 

6 y20P»»Et 
9 CCMTlHaE 

BETUaM 

SBO 


0LLT0037 

OLLTOOOa 

0I,I,T0039 

□LLTOOVO 

0LLT0091 

aLLT00«2 

OLLT0043 

OLLTOOtttt 

GLITOCaS 

OllTOOttb 

aLLTOOQ? 

OLLT0048 

OLLTOOU9 


COOBIE PBECZSIOM faNCTIOB FH2 (T) 

lOHEHICiL IHTEGBiZlCS 0? THE ISTEGEAL WITH SECOHD-OHDEB SPEW 
SISGUUBITI H.B.X. SFAHVISE A9QUIAB 7AEIABLE T. . 

ZETA OEHOTES THE SIZE 0? THE BEGICK NEAE THE SZHGaLABITT 

SEAI.*8 S,BPSLB,ZETA,a£lTA,ia2,IHTEC1,IHTZG2,lHTEC3,FH1,Z1,A1 ,A2, 
S 0ELA,SUa,I,PI,0£LX 
PI»j. 1415926J353S79E0 
IPSlN=PI/2O0.CO 
ZEIA»(?I/2Q,C0)*.5E0 

IS T WEAK TBE HIKG TIPS OB AVAI FBOB THE TIPS 

If (T-ZETA)11,11,13 
13 17 (T-ZSTA. L£. EPSIB) GO TO 11 
IP(PI-T-ZETA) 13,10,16 
16 I7(PI-T-ZETA.LI,EESLH) GO TO 10 

FOB T HOT NEAE 0 CB PI (AWAT FBOH WING TIPS) 

iei:a«zeta/3.50 

X1=T-ZETA 

IF(£ABS (XI) .LE.PI/3.D0) GO TO 530 

IHTEG1*LG2(0.£0, ,5C0*X1,T,N1 1) ♦I,G2( . 500* XI , X1,T, HI 2) 

GO TO 501 

500 IHTEG1«LG2 (0.£0,Z1,T,!I11) 

X12«0 

501 CONTINUE 
X1«T*ZETA 

EILX« (?I-X1)».SD0 

. IF (DABS (PI-X 1) .LE- PI/3-D0) GO TO 502 
INTEG2>LG2 (XI, X1*CELX,I,N22) *LG2 (Z1*D£LX,PI,T. N21) 

GO TO 533 

502 INTEG2*LG2(X1,?I,T,N21) 

I22>0 


OLIT0001 
0I.ZT0002 
OU.T0003 
0LU000 4 
aiLTOOOS 
OLLT0006 
0LLI0007 
OLIT0008 
01.LT0009 
OlLTOOlO 
0I1T0011 
01IT0012 
OLLIOOn 
0ILT0014 
OUT0015 
OLITOOU 
OttTOOl? 
aiLTOOIS 
OLLT0019 
OU.T0020 
0tlT0021 
0LLTOO22 
OII.T0023 
0LI.T0324 
OILT002S 
01.LT0026 
0LLT0027 
OltTOOZS 
0LLT0029 
aU.T0033 
aLLT0031 
0LLT0032 
OLLT0033 
aLLT0034 
OLLT0035 
GLLT0036 
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503 coirtiNaE 

IITEC3»(1.00/(300.00*0*trA))» (13.00*fS1 (7,T-3. C0«0EL?») *72. DO* fSI 

5 (r,T-2. CO* DELTA) ♦«95.Ca*FII1 (T, 1-DELTA) -1 300 .00*FH 1 (T,T) ♦USS. DO 
c •PS1 {r,r*CEirA) *72 . do* fhi (r,r*2 . do»delta) *i3. do^ph i (t,t*3.oo* 

6 DELTA) ) 

IM2»mrEal*IMTEa2*UITE03 

EETOES 

res T MEAE ?1*(HEAB CEE BXIC TIP) 

10 :«TI02«O.CO 
7ETA«PI-T 

DELTA »ZETA /3.D0 

1«EG3»{1. DC/ (330. CO-DELTA)) •(13.D0«FH1 (T,T-3. DO-OELT A) *72. D0*7S 1 
6 (T,t-2.D0»DELTA) *«95. DO*F » 1 (7 .I-OELTA) - 1 360. DO* FH 1 (T, T) *495.00 
6 •?H1{T,T*DEL7A) *72. CO* FSI (T, T*2. DO* OEIT A) *1 3. DO*P 81 (T, 1*3. DO* 

e DELTA)) 

11-T-2ET1 

l8I2C1-LG2(0.D0,ri-?I/20 . 00 , 7,81) 

C *LG2(Z1-;i/20.00,X1-PI/233.DO,T,H11) * 

6 LC2(X1-PI/200.DO,X1,t,H12) 

F82*I8TEai*IMTcG2*I8TEa3 

EET038 

ICB T SEAS 0 (8EAB THE 0THEB .HI8G TIP). 

11 IHTEGIaO.CO 
2E7A*t 

CILIA «2ETA /3.D0 

lHTEG3*(1.OC/(300. CO*DELTA)) • ( 13. 00*PS 1 (7,1-3. DO*OELIA) ♦72.D0«FH1 
6 (T.T-2. C0*DEL7A)*a95.D0*P81 (7 ,T-DELTA) -1360. bO«PH1 (T, T) *495.00 

0 •?S1(T,T*DELTA)*72.D0*FH1 (7,7*2.D0*OELTA) ♦13.00*P81 (7,7*3.00* 

E DELTA)) 

X1*T*ZETA 

I«IEa2-lG2(X1,X1*PI/200. C0,7,H22)* 

S LG2(X1*P2/200.CO,X1*?Z/20.DO,T,821)* 


0LLT0037 

0LLT003H 

DLLT0039 

0LLT0040 

0LLT0041 

ULLT0042 

0LLT0043 

ULL70044 

0LLT004S 

OLlTOOaS 

0LLT0047 

OLLTOOOa 

OLLT0049 

DLLT0050 

ULL700S1 

0LLT0052 

0LL700S3 

aLL70059 

OLLT005S 

aLL700Sb 

0LLT00S7 

0LLT00S8 

DLLT0059 

OLLT0060 

DLLT0061 

0LL70062 

OLLT0063 

DLLTOOea 

0LLT0065 

0LLT0066 

0LLIO067 

0LL70068 

OUT 006 9 

0LLT0070 

0LL70071 

0LIZ0072 


G LG2(X1*PI/20,00,PI,T, 82) OLLT0073 

FB2*IBTEG1*I87IG2*1H7ZG3 DLLT0074 

EETOBB OLLT0075 

180 0LLT0076 
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COOSLE rSECISIC^ FUNCTION LSI (A .3 ,T ,1) 

lECLNCSE-aAOSS OUASSATOKS. USES IN CALCULATING FNI(T| ONLT 
TElNSFOLaS IHTIEVAL OF INTLSaATICU FLCfl (A, 3) TC (-1,1) 

BSAl'3 AP,CP,A,3,AA,3B,SaN,tHET.'t,S.?Ntt,LG2P.XI (2tt ,24 ) ,NT (24 , IN) 

5 ,S1,?S1,S1G.“A0,PI,CC0,SIGHA,?,T1 
COnaCN/AE£A1/x:,UT/ABBA2/SIS NA ,CC0, JJ/AfiEA4/Sir.R AO ,?I,NM,AE 
IHTE.:Eii AR 

r»4 (T,T1)«fM1 {T,t1)/((?-t1)* (T-T1)) 

S«DCOS(T) 

IA- (B-A)/2.C0 
B8> (8»A)/2,00 
lG2P«10a.C0 

ITZSATe ON N UNTIL OESIBEO CCNVEEGENCE IS ACHIEVED 
DC 11 N«4,24,4 

sua>J.co 

DC 10 1*1, S 
11 «AA*xi (i,s‘) tes 

10 soB*sa2*FS4(i,n) * ni(i,h) 

lG2*AA*Sa?1 

IP(DABS(LS2-LG29) .L2. 1.D-5) 8EIUBN 
IT(H.EQ.24; GO TO 13 

11 IG2?*L32 
13 IBINT400 

400 POP.3AT{*0*,'ACaJ8ACI OP 1.D-S NOT ACHIEVZO IN LG2’) 

;BINT100,A ,B ,N,LG2P,LS2,S,JJ 

100 F0EBAt('0*,»A •*, F8.4,2X, *3 « • , ?8 , 4, 21, • N*' , 16 ,2X. • LG2P*’ ,P 18. 8 , 

6 2X,*IG2** ,?18.8,2X,*S **,F18.8,2X,*J4**,I4) 

EETUBN 

END 


0LLTO001 

ULLT0002 

ULLT0003 

0LLT0O04 
ULLTOOOS 
OLLTOOOb 
0LLT00O7 
ULLTOOOa 
0LLT0009 
ULLT0Q1O 
ULLT0011 
ULLT0012 
ULLT0013 
ULLZ0014 
0LLT001S 
ULLT0016 
0LLT0017 
0LLT0018 
OLLT0019 
0LLT0020 
OLIT0021 
ULLT0022 
0 LIT 0023 
DLLI0024 
0LLT002S 
0LLT0026 
ULLT0027 
DLLT0028 
DLLT0029 
0LLT0030 
OLLT0031 
0LLT0032 
aLLT0033 


COOBLE PBECISICH FOKCtlOH PN1(T-,T1) 

IVALOATIOH OP INTIGEABD 07 IHXS3EAL WITH SECOND-OBDBP. SPAN 
SINGOLABITT WITH COS SOBSTIT OTIC S . IT CONSISTS 0? STEIPrTHEOBt CL 
AND KEEHEL FUNCTION OP UHSTEADT INDUCED DOWNBASH. flOO IS PACTOB 
INTBQOUCED BT COS SUBSTITUTION, N AHELY N1(T,T1) 

HEAL*8 S,S1,Cl,SIGNA1,SIGBA0,ET.\,P1,G1,D1,B1,PIP,PID?,sal,SI1,PI, 
6 CCO,SISaA,C1CO,CAR3A,EN,:,T1,3EN,NOD . 

1ST EGEE AR 

CCH3OH/AB8A2/3iaRA,CC0,JJ/AaBA3/GAa3A,EN/i2EA4/SIGHA0,PI,SN,AB 
S-QCOS (T) 

SI-DCOS(TI) 

CICO* {1.D0-51*S1)»* (5N/2.D0) 

SIGBA1>SICRA0*C1C3 

CUL SIHE0D(SI3RA1, ?1,G1 ,01,31, 3E1,S II) 

AEGDHEBT CP KEf.SEl PONCTION OP ONSTEADT INDUCED DOWNBASH 

1TA-*AE»SIGHA0*DABS (S-S1)/EN 
CALL KES (ETA,PI?,;iE?) 

CALCULATION OF SCL , SI IS AT ONE WING TIP 

IP(0ABS(T1).LI.1.D-5) GO TO 18 
,IP(DABS(PI-T1).LI, 1.D-5) GO TO 13 

CALCOLATICN OF ROC, SI IS AT THE SINGOLABITT AT S 

IP (DABS (T-I1 ) ,LT. 1.0-5) GOTO 19 

CALCULATION OF 3CD POE ALL OTH3B VALUES OP SI 

EEN»((T-T1)/ (DCOS (T)-OCCS (T1 ) ) ) • ( (T-T1)/ (DCOS (I) -OCOS (T1) ) ) 
EC0»0EH*0SIN (T1) 

GO 10 20 


OLLI0001 

ULLT0002 

ULLT0003 

0LLT0004 

ULLT0005 

0LLT0006 

0LLT0007 

OLLTOOOB 

ULLT0009 

OLLT0010 

OLLT0011 

0LLI0O12 

ULLT0013 

OLLT0014 

ULLT001S 

OLLT0016 

0LLT0017 

OLLTOOIS 

0LLT0019 

DLLT0020 

OLLT0021 

DLLT0022 

OLLI0023 

OLLT0024 

OLLT0025 

ULLTDOI^ 

OLLT0027 

0LLT0028 

0LLT0029 

0LLTQ030 

0LLT0031 

0LLT0032 

0LLT0O33 

0LLT0034 

0LLTOO35 

OLLT0036 
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IS ROO>3.C3 
GO TO 20 

19 .’ICD«1.00/OSIS (T1) 

20 COHTIHUE 

GC 13 (1.2.3,11,9.6) ,JJ 

1 rs1«- (SIGBAO* (GU.SOO'SIUSAl ) «PI ?»SICnA3* P1»P1 D?) *C1CO«aOD 
SETOBH 

2 FKi» (s:aaAa«Fi»9i?-siJR»3» (g i*.5S3*iicr:Ai) »cic3*iod 

RETUBtl 

3 Fill ■ ( (2. D0»P1-SZGa»1*G1) •PIP- (2. 00«G1*S Wax 1* ( 1. DOfPI) ) • PIDP) •C1C0 
e •SCO 

EETOEN 

« IN1«((2.C0«G1*SIGaX1*(1.B0»f 1)) •PIP*(2.00*ri-S10BA1»01)»PI»P)»C1CO 

6 *aoo 

EETOnN 

5 fWl«- ( (2,D0»G1*SlGnA1» (1.00*P1))«PIP* (2.B0*f1-SIGHA1«G1) ‘PIDP) • 

s cico*nco 

tETOBS 

6 mi- ( (2.C0-rl-SIGaA1«G1)-PIP- (2.D0*G1*SICaA 1- (1.00*P1) )*PIDP)*C1C0 
6 *800 

sEXGBI 

ISO 


aLLT0037 

OLLT0038 

DLLT0039 

01LT009O 

0L1.T00A1 

OLLTOOa2 

OLLTOO«3 

0LLT00«« 

OLLTOOaS 

OLLT0046 

0I.LT0047 

ULLZOOUS 

OLLTOOU9 

OILTOOSO 

OttTOOSI 

0I.LT0052 

OLLT0053 

OLLTOOS4 

OILTOOSS 

□ILT0056 

OLLT0057 

OLLTOOSa 


OOOELE PBECZSICS PONCZICS. F83(T, EPSLH) 

BOBESZCAl ISTZGEXtZCH OP SORSISGOUE PA3IS OP THE IMTSG8AL WITH 
(EEBOTABU) ABS(S-S1) SIEGOLIBITT I.B.T. SPIMBISE ANGOUB 
lAEIABtE I. EPSL8 0E80XES XBE SIZE Of tUS BEGIOa 8EAE THE SISG. 

PEAL-8 S,IHTZG1,IIiTEG2,LG3,EPSLa,Z1,Z2.I,PI 
PI-3. 141592653S8979D0. 

EPSLH- (PI/400. DO) -.7500 

IS 1 NEAB THE BING TIPS 0 8 A HAT PE08 THE TIPS 

IP(T-EPSLH) 210,310,313 
313 IF(I-EPSLS.LE.?I/20Q0.00) GO TO 310 
IF(Pl-T-EPSLH) 311,311,316 
316 IF(PI-T-EPSLH.LE.?l/2000. DO) GO TO 311 

T BCT 8EAB 0 OP PI (ABAI PBOB IBE BIMG TIPS) 

X1-T-EPSL8 

X2-T-EPSLSI 

:F(T1-12.DO«?I/200.CO.G7.0.00) go to 401 
WTEG1-LG3 (0. DO, X 1,1,811) 

812-0 
CO to 40 2 

401 IHTE01»LG3(0.00,X1-?I/20.00,T,811) +LG3 (I1-PI/20. 00, XI ,T, 8 12) 

402 IF(X2*12.00*PI/200.CO.LT.PI) GO TO 403 
IITEG2-LG3 (X2, PI, 1,821) 

* 22-0 
GO 10 778 

403 lKTEa2-LG3(X2,X2*PI/20,D0,T, 822) *LG3 (X2 »P 1/20. GO,?I,T ,82 1 ) 

778 FB3-ISTEG1 -181232 

fETORH 

T 8EAE 0 (S2A£ ONE BI.1G TIP) 


GLLT0001 

OLLT0002 

■DLLT0003 

0LLT0004 

GLITOOOS 

OLLT0006 

OILT0007 

0LLT0008 

OLLI0009 

OLLTOOIO 

OlLTOOn 

0LLT0012 

GLLT0013 

OLLT0014 

0LLT001S 

0LL10016 

0LLT0017 

OLLT0018 

011T0019 

OLLT0020 

OLLT0021 

0LLT0022 

OLLT0023 

OLLT0024 

0LLT002S 

0I.1.T0026 

0LLT0027 

OLLT0028 

OLLT0029 

OLLT0030 

0LLI0031 

GLLT0032 

OLLT0033 

0LLT0034 

OLLT003S 

aLLT0036 
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310 iii;Eai«o.oo 
E2»T»E?31S 

I«T132«LUJ {X2, 12 ♦PI/2 00. 30 ,T ,N23) *103 (t2*?I/200. DO, X2*PI/20. 00, 

6 T,«22)*L03{X2*PI/20.00,PI,T,X21) 

fM3«ia72v:i ♦in':£02 
BETOaM 

T BEAK ?I (BEAK TUE CTHEt BI8G TIP) 

311 MTF32«0.D0 
£PSIS»PI-I 
X1«T-EPStll 

IHTE«1*Lu3{0.C0,I1-PI/2O.C0,T,!l11) +103 (XI-PI/20. DO , XI -P1/200.D0 , 
6 T,K12) ♦LG3{X1-?l/200.C0,X1,r,S13) 

FB 3 >IIITEai^l:iT£a 2 

EEinaB 

IKO 


0LLT0037 

Oll.T'003a 

OLLT0039 

DLLT0040 

DLLTOOin 

OLIT0042 

aLLT0043 

Dtt?0044 

0LLT0045 

0LLT0046 

0LLT0047 

0LLT004fl 

0LLT0049 

OLLTOOSO 

0LLT0051 

0LLT0O52 

0LLT0053 

GLLT0054 


COOBLl PBECISICN EOBCTICII l33(i ,B »t,8) 

UGESDSE-GAaSS QOACSAIOEE, USED IB CALCOLATICKG ?S3(T,EPS15) OILT 
tEAHSPOBBS IB7E3T1I. 0? IBTEGBATIOI rBCB <A,B) TO ('Ul) 

CCBBOB/ABEA1/ZI,BT/ABEA2/SIOaA,CCO,JJ/A££A4/s:caAO,?i;sH,XB 
BU1.*3 i?,BP,A,3,Ai,BB,S0a,rHZTA,S,I,2? ,LG3P,X1 (24,24) , BT (24, 24) 

6 ,L2,S1,SIGHA0,PI,CC0,SIC.1A,T,T1 
IITEGZB A3 

I2P (I,T1)»L:(I,T1)/D4BS(I-T1) 

S«OCOS(T) 

AA« (3-A) ‘.SCO 
8B>(8«’A) *.500 
1G3P*103.C0 

IT2BATE ON N 0N7XL OSSIEED :CN7EBGENCZ IS ACBIE7E0 

10 11 8*4,24,4 
808*0, CO 

CC 10 1*1,8 

11 *AA*XI (I,N) *38 

10 SaB»S0B*L2?(l,Tl) *aT(I,S) 

IG3*AA*SQB 

IP (CABS (LG3-1G3?).IE, 1.0-5) BETOEH 
IP(H.EQ.24) GO TO 13 

11 lG3P*tG3 
13 PEIHT400 

400 PCe*.AT (• O' ,*ACC0EACT OP 1.0-5 NOT ACUIE7S0 18 LG3') 
rFIBT100,A,E, 8,LG3P.IG3,S, JJ 

100 F0ESAT('3','A »• , F8 . 4 , 2X , • 3 » • , F8 . 4.2X. • 8*' , 16 ,2X, • LG3P*' ,P18. 8, 

C 2X, '123*' ,F18. 8,2X,’S »• . P 18. 8 ,2X, ' JJ* ' , 14) 

EET08M 

E80 


0LATOOO1 

OLI.T0002 

UU.I0003 

OLLT0004 

OILTOPOS 

0 LLS 0006 
OI.LZ0007 
OLI.T0008 
0LLT0009 
OLLTOOIO 
OLLT0011 
0LLT0012 
OLLT0013 
0LLT0O14 
OLLT001S 
01.I.T0016 
0H.T0017 
OLLT0018 
0LLT0019 
0LL70020 
OLLT0021 
OLLT0022 
0U.T002J 
0LLTO024 
DLI.T002S 
OLI.T00 26 
0LLT0027 
OLLI0b28 
OLLT0029 
0LLTQ030 
OLL70031 
01LT0032 
OLI.T0033 
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tOUEti 9EECISIOH EONCTIOa 

SIEl?-?UeC5T SICTICS CL Tl.ltj J (SQET CP -1), OSED IM CALCUIATISG 
IMJ(7,E?SL») CJ.LY. .*.OC2 IS fACXE ISTEOOOCIO 81 COS SUB., R2(T,I1) 

EEAl’B S 1, LI, sun AO, SICS A. SI on A 1.CCO,C1CO,P I, F 1,01 ,01 ,01,SS 1,SI1 

& ,7,T1,n002 

CCnnC.VAESA2/3IJnA.CC0,JJ/ASSAl|/SianA0,PI.KK,AF 
ISIUte AB 
S1-CCCS (11) 

C1C0»(1.D0-S1*31) •* (SM/2. DO) 

SIOaA1«SIG3AO*C1CO 

CALL siuzoo(sianAi.?i,ai,oi, ai.sB i,sii) 

CALCOLATIOli CF »CC2, 11 IS AT CSE HX8<3 II? 

IF (DABS (TI).LT. 1.0-5) GO TO 19 
1F(0AB3(?I-T1) .LT. 1.0-5) CO TO 19 

C CALCUCATICa OF S0C2, II IS AHT 0TH2S 7CIHT 

W 

8C02»0AflS( (T-I1) / (DCOS (I) -DCOS (T1)) ) *DSIH (T1) 

GO TO 20 

19 EC02>0.00 

20 coaiisus . 

GO TO (11, 12, 13, 1«, 15, 16) ,JJ 

11 L2»SIOnA0«F1*C1C0*aO02 
aiTOEH 

12 L2»SIGaA0« (O1*.5D0*SiGaA1)*C1C3*HdO2 
BETUS8 

13 L2»(2.D0*GUSlGaA1* (1.00+F1) )»C1CO»aOD2. 

HETOSa ■ ■ 

i» I2»(31GaA1*G1-2.DO*F1)*C1CO«BOD2 
EEtOFM 

15 L2« (2.OO*F1-SlGaA1*G1)*C1C0*aOD2 
EEID8H ■ . ■ 


0LLT0001 

0LLT0002 

0LLTU003 

OLLTOOOa 

ULLTOOOS 

OLLT0006 

OLLT0007 

ulLtooob 

OLLTOaOS 

0LLT0010 

ULLT0011 

ULLI0012 

0LLT0013 

0LLT0014 

0LLT0015 

OLLT0016 

0LLT0017 

0LL7001B 

OLLT0019 

0LLI0020 

OLLT0021 

0LLI0022 

0LLI0023 

0LLT0C2<I 

OLLT0025 

0LLT0026 

OLLT0027 

0LLI0028 

OLLT0029 

OLLT0030 

0LLT0031 

0LLT0032 

0LLT0033 

OLLT0034 

OLLT003S 

ULLT0036 


16 L2« (2.00*01 ♦SIGSA1* (1.D0+F1) )»C1C0*aOO2 OLLT0037 

BEIOHS OLLT0038 

mo 0LLT0039 
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COOELE PSECISICK fUKCTlON FK5(t. EPSLH) 

C 

C EVALUATIOli CP TEFR2. TiiE NC31I ilTSS EAL PAST OP ONSTEADI IMOUCEO 

C CCEKEASa, mCiUOiS S7f.I?-ia-0St StCTIOil CL riBES J (SCHI Of -I) 

c 

BEAL»d SIGaA,3103AO,C,S,E?SLM,.-3A5aA,PI,Al,A2,f,C,0,a,SB,SI,CC!),£ll 
C ,?,0BLTA1,:eLrA: 

11TTEJE2 AS 

C0anCN/A££A2/3:aaA,CCD,JJ/ai£A3/GAanA,£H/APEA8/SICIIA0,PI,HE,AH 
CALL STaECL(SXGaA.P,2.0.a,3E.3I) 

J«CCCS(I) 

CELTA 1»S-DC0S (THESL!I) 

CEtTA2»DC0S(T-!?SU)-S 

Al«1.CO-JASeA-CLCG(2.:a«DSgr.T(0£LtA1«OELTA2)-AS«SIOSAO/BS) 

A2—.500*?! 

GO to (1 ,2,3,4,S.6) ,JJ 

1 fKS* (-A2*SIGBA0* (a».5DO*SIG.1A)*A1*SIG3AOT)*CCO 
EEtUSH 

2 IBS* (A2*S1GRA0*j ♦A1«S1GRA0* (C*'.5D0*SIG.'IA) )*CCO 
FIItJBS 

3 IBS* (A2*{2.Ea*I-SlGnA«GJ ♦A1»(2.00 *G»s:GBA* {1 •00*f) ) )*CCO 
EEtUSB 

* IBS* (A2»(2.C3*G*SIGEA*(1.C0»P) ) -41* (2.C0*f-SIGSA*G) )«CCO 
SEIOBN 

SPSS* (-A2* (2.C0*S+S1GBA* (1.C0*P) ) ♦Al*(2.O0*F-SIG34«G))*CC0 
fEtOBH 

6 PBS* (A2* (2.£0*f-SIGBA*G)+A1*(2.O0*G+SICaA»(1.D0+P)))*CC0 
E£3aS!l 
IBD 


0LLT0001 

aLlT0002 

OLLTODOO 

ULLT0004 

OLLTOUOS 

0LLT0006 

OLLT0007 

OLLT0008 

ULttOOOS 

0LLT0010 

aLLTOon 

OLLTOOIE 

ailT0013 

OLL70014 

OILTOOIS 

0LLT0016 

OLLI0017 

OLLT0018 

0LLT0019 

0LLT0020 

aLLX0021 

0LLT0022 

0LLT0023 

OLLTOOPa 

0ILT002S 

OLL70026 

aLL70027 

0LIT0028 

atLT0029 


EOBBOOTIBZ STUZOD (SlGaA,f;G;0,B,Sa,SI) 

CELCQLATZOB CF THE E2AL ABO IBAGIKABT PABTS Of TBECOOBSES* S FB. 
ABC THE SEABS FB. ' 

IHPLICIT EBlt«8 (A-2) 

IBTEGES IZB, JJ.AB.BB 
OiTA PI/3. 141S92653S8939/ 

1EB*0 

1F(SIGHA.LT. 1.S-11) GO TO SS 
CALL CSJTO (31G3A .JO.IO.ICB) 

IF(IEB.NE.O) HfITE( 6.100) I£E 
100 lOSHAtC EBFCF. IS ESJTO^ ISE* ‘.IS) 

CALI D3JT1 (SIGaA.Jl.TI.IEB) 

If (ISE. HE. 0) VJ.ITI (5,200) lEF 
200 lOEHAT (■ EBBOf. IE CBJT1. IZE* ’.IS) 

u* (ji*toj* (ji*ro) ♦ (jo»!M)*(jo-n) 

IE*Jl*J1»l1*r 1»2.tO/(Pt»S:G3A) 

CC*-(J0*J1*I0»t1) 

F*BE/*A 
G*CC/AA 
JF»J0»f*J1*G 
«I»J1*J0*G-J1*F 
I^F^f+O^G 
8*P-D 
lEtOBH 
SS 1*1. CO 
G*0.00 
SE-1.C0 
51*0. DO 
t*1.D0 
E»O.DO 
FETOBH 
IBO 


0LLT0001 

OLL70002 

OL1T0003 

01170004 

OLLTOOOS 

01170006 

OLI70007 

OLLT0008 

OLLT0009 

olltOoio 

0LLT0011 

OLL70012 

0LL70013 

8LLT0014 

OILTOOIS 

OLLT0016 

0LLT0017 

OLLTOOia 

0LL70019 

OLLT0020 

0LL70021 

OLLT0022 

OLLT0023 

OLL70024 

DLLT002S 

OLL70026 

OLLT0027 

OLLT0028 

OLL70029 

0LLT0030 

OLLT0031 

OLLT0032 

0LLT0O33 

OLLT0034 
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lOBEOatlitS KES<C‘tA,PI?.?IOP) 
c 

C ClLC'JtATICN cr THA KEEHEt *S . OF UMSTEABt INDDCED DOWHHASa OF 
C CHS^EADt LlFTI3iO-IIBE 7HEOBY 
C 

lapLicir aEAt«8 (a-z> 

CC8nCN/AfiEA2/SIORA,CCO,JJ/AE£Att/SIOnAO,?I,!IN,AB 

IKTIJEP. lES.JJ.Ar.SH 

1£E*3 

1F(STA.1.T. 1.0-11) GO 10 65 
CALL C8R1 (£TA,K1 ,1£B) 

1F(1^£.B£.0) WElll (b, 108) lEE 
100 fOf.».AT(* EIBCE IN B3K1, 1£B» *,15) 
nP=21A»!C1 

E« (Pl/a.C0-.S675t0»ErA» ((.»6 430 915 9D)»SrA)/< 1.341000 vETA* 

6 EIA))) •DEX? (-I1A) 

C»fl»(1.0085C0»ETA)/ (1.341000 ♦1.005000«EIA*ETA) 

11L1«((2.C0/PI) *EIA) *C 
BID P» (Pl/2. SO) *ET A* II 11 
EETOBN 
65 BI?>1.00 
EIOP'O.CO 
FETOBN 
IBD 


DLLT0001 

OLLT0002 

ULLT0003 

ULLT0004 

ULLT0005 

□LLT0006 

ULLT0007 

OLLTOOOS 

OLL10009 

OLLI0O1O 

ULLT0011 

0LLT0012 

0LLT0013 

0LLT0014 

0LLT0015 

0LLT0016 

OLLT0017 

OLL10018 

OLLI0019 

OLLT0020 

OLLT0021 

0LLT0022 

OLLT0023 

OLLT0024 


C 

c 

c 

c 


c 

c 

c 


c 

c 

c 


S0BS08TZBE C11 (S.TOP.TOOP.TI ?, 71 DP. T2?,720P, 

5 aOP.ClOOP.CX1?.CL10P.CI2P,CL2DP/ 

6 CLSOP,CLSODF,CLS1P,CLS1D?,CLS2P,C1S20?, 

S CLOCP,CLOODF,CL11?,ai1DP,CL22?,CL220?) 


OHZTEBSAI COIF'S CF STBIF-THECBT AND 3D SECZIOH CL ABO TU 30 
(SEAES) CCSBECIICN 


EZAL«8 

6 

e 

8 

s 


S,70F,70DP,71P,710P,72P,720P, 

CXOP.CLODP.CLI ?,CL1DP,CL2?,CL20P, 
CLSCP,CLSOGF,CLS1?,CLS10P,CLS2P,C1S20?, 
SZCRA0.SICHA.C,?,G,3,B,S?,SX,?I,CC0, 
CL00P,CL00DP,CL11?,C£n3P,CL22F,CL22OF 


IN7IGEB AB 

COBSON/ABCA 4/SICEAO, FI, NH, AS 
CC0»(1.D0-S«S)»« (NS/2. DO) 
SZGaA>SlG3A0*CC0 

CALL SiaEOO (SIGHA.F.G.D, B.SB.SI) 


StFlF-lBEOBI SECIION CL 

CLOP»?I*SIGBAO»(G*.5EO«SICBA) »CCO 
CLOC?«-FI»SIGBAO»F«CCO 
CLIF^-FI'CZ.tO’F-SIGBA^G) *CCO 
C11DP»-PI«(2.DC*8*SI3.1A» (1.00+?) ) ‘CCO 
C12F»FZ« (2.I0*G*S1G.'!A* (1 .EO*F)) «CCO 
CL2DP»-PZ» (2. CO* F-SIGB A*G) *CCO 

30 SECTIONAL (SEAES) CCBEECTIOH 

CLS0P»2.C0*EI* (7CE»SB-70DP»S1) *CCO 
CLS0OP»2.O0*?I*(70DP*SE»70P*SI) »CCO 
C1S1P»2.C0*PI* (7ir*SE-71D?*SI) "CCO 
CLS1OP»2.D0*PI*(71D?»SF*V1?»Sl) «CCO 
CLS2P«2.D0*PI* (72E*SS-72DP*S1) *CCO 
CLS23P»2.D0*EI* (7 2CP*SB*7 2P* SI) *CCO 


3DCL0001 
30CL0002 
30CL0003 
3DCL0004 
30CL0005 
3DCL0006 
30CL0007 
30CL0008 
30CL0009 
30CL0010 
3DCL0011 
3DCL0012 
30CL0013 
3DCL0014 
30CL0015 
30CL0016 
30CL0017 
39CL0018 
30CL0019 
3DCL0020 
3DCL0021 
30CL0022 
3DCL002J 
3DCL0024 
30 CL 002 5 
30CL0026 
3DCL0027 
30CL0023 
3DCL0029 
3DCL0030 
3DCL00 31 
30CI0032 
3DCL0033 
3DCL0034 
3DCL0035 
30CL0036 
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c 

C 3D SECTICS CL 
C 

CtJCP«CLOP*CLSOP 
C100OP«Cl0CE*CtS0CP 
Cin?«CLlP»CLS1P 
Cl1iaP»Ct1Df ♦CLSIEP 
C122P«CL2?*CLS2? 
ct;2s?*ct2cr*ci32EP 
fE708M 
110 


3DCL0037 

30C10038 

30CL0Q39 

30CI0040 

3DCL0041 

30CL0a82 

3DCL0093 

3DCI00ttU 

30CL0045 

3DCL00U6 

30CI0047 


C 

c 

c 


c 

c 

c 


SOBBOOtlBE cm (S,T0P,70DP,V1P,71D?,T2P,72OP, 

CC0P,Ca0DP,Cal?,C31DP,Ca2P,C32DP, 
CHSOP.casooE,casiP,casiDP,cas2P,c2S2DP, 
caoop,caooDP,caiip,cmiDP,ca22?,ca22DP) 


aiTBBSiL COEP’S CP STHIP-THEOEt AND 3D SECTIOM CB AMD TBE 3D 
SEASS) COERECTIOM 


S,70P,70DP, V1P,»1Dt,V2?,T2DP, 

CadP,CaODP,C31 P,C21D?,C32?,Ca2DP, 
CBSCP.casoDP.casiP ,casi DP,ca3 2P,cns2DP, 
SIGaA,SlGaA0,C,P,a,D,5,3E,SI,FI,CC0,CC02, 
CBOOP,CBOODP,Cal1P,CBl1DP,Ca22P,Ca22DP 

laciazE AH 

CCaBOS/ARSAa/SIQBAO.Pl, MM, AR 
CC0«(1. 00-3*3) »* (BN/2.D0) 

siaaA*sicaxo»cco 

CC02“CC0*CC0 

CALL STHEOO (SIGMA ,P,C,0,B,S8, SI) 


STBIP-tUEOEI SECTTOa CB 


CflOP*.25DO*Pl*SlCaAO*C*CC02 

CaOD?«-.25C0*PI«SIGaAO*F*CCO2 

Ca1P».25D0*FI* (3IC3A* G-2. DO*?-. 25 D 0 *S IGSA'SIGP.A) *CC32 
CB1DP».25C0»PI* tSlGMA-SIGI!A*?-2.00*C) *CC02 
CB2P».2500*FI* (31GaA'?»2.D0*G-3IGaA)*CC02 
CH2D?*.2SD0* ?I» (SlGSA»G-2. DO»P-. 2500* SI03A* SIGMA) *CC02 


3D SECTIOMAL (3EAES) COREECIICH 

cas0!»».5D0*pi* (vop*s?.-vo.DP»sr) *cco2 
CBSOO?».5DO«PX* (y0OF«S3 + VOP*St)»CCO2 
CHSIP*. 5D0»PI* (V1P*SS-V1o?»SI) *CC02 
casiop».5D:*?i* (vis?»sa*vi?'’3i)’cco2 
CB32P-. 5D0*?I* (V21*sa-V2DF*S1)*CC02 


30CB0001 

3DCB0002 

3DCa0003 

SDcnoooa 

30CB000S 

30CH0006 

3DCB0007 

30ca0008 

3DCB0009 

3DCB0010 

3DCB0011 

3DCR0012 

3DCB0013 

3DCR0014 

30CB001S 

3DCa0016 

3DCB0017 

3DCB0018 

30CR0019 

3DCR0020 

3DCn0021 

30CR0022 

30CB0023 

30CM0024 

3DCa002S 

3DCB0026 

3DCB0027 

3DCB0028 

30CB0029 

3DCB0030 

3DCB0031 

3DCB0032 

3DCB0033 

3DCM0034 

3DCB0035 

30CR0036 
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caszsp*. 5oo»pi» ( »:DP«sa*v2P» si) 'ccaa 

jc S’CTICH ca 

C200paciiop*casop 

caoo3P>cn30P*cnsoc? 

C9iip»cai?*casi3 

CS 1 ioF»c;naf»c;;sic? 

ca22p»C92P*cas:? 

ca2239<a20P*cas2cp 

fETOEH 

IKO 


30ca0037 
30C90038 
3DCn0039 
3UC<t0040 
3DCH0041 
30Cn0042 
3DCa0043 
30CKU044 
3DCa004S 
3DCn0046 
3 oca 004 7 
3DCa0048 


SOBEOOTIK EB0Ct£(i.BZ,8Ea) 

ClLCnikTIOB CF T8£ REAL ECOrS OF THE C8S1C SECOLAB EQ. IH 30 OPT. 
tBE BOOTS ABE CETES3IMED OSING saSBOOTIBE ZBPOIY OF I.ISL 

EIAl'S A (4) ,AA,EB,CC 
CCaPLEX«16 Z(3},EZ(3) 

TBE G17EB CUBIC SECOLAB EQOATIOM 

FR1ST147 

147 rCE8AT( 'O', 'SECOLAB EQ IS;') 

FE1KT149,A(1),A(2),A(3),A (4) 

148 ECEeAT('0',C10.4,'Z*»3*',D10.4,'Z*«2*',010.4,'Z*' ,D10.4,'«0') 
AA>CAB5 (A (1) ) 

1F(AA.LT.1.D-12)G0 TO 151 
E0£G>3 

CALL ZBFCLT (A,l<OEG,Z,IEB) 

IF(IEE.KE.O) GC 1C 103 

EBIHT EOCTS CF COBIC, SELECT BEAL BOOTS 

to 161 I«1,3 

161 EEII(;i62,Z (i; 

162 rOR2AT('3','6CCT CF SECOLAB EQ., Z»', 2 (010.4,21) ) 

J-1 

to 163 1-1,3 
BB-DIRAG (Z (I) ] 

CC>tAE3(EB) 

IF(CC.GT. 1.0-12)GO TO 163 
EZ(J)-Z(I) 

SEE-J 

EFIET164, SZ (J) 

164 FCESAT ('O' ,'SEAL ECCT OF SECOU?. EQ, RZ» 2 (010. 4, 21) ) 

O-J + 1 

163 CONTINUE 


BOOT0001 

BOOT0002 

B00T0003 

BOOT0004 

BOOTOOOS 

BOOT0OO6 

BOOT0007 

BOOTOOOa 

BOOT0009 

BOOT0010 

BOOT0011 

BOOT0012 

BOOT0013 

B00T0014 

BOOT0015 

BOOT0016 

EOOT0017 

B0OT0018 

BOOT0O19 

BOOT0020 

BOOT0021 

BOOT0022 

BOOT0023 

B0OT0024 

BOOT0025 

P.OOTO026 

BOOT0027 

BOOT0028 

BOOT0029 

BOOT0030 

BOOT0031 

BOOT0032 

BOOT0033 

BOOT0034 

EOOT0035 

EOOT0036 



'rvno n oo n n n 


254 


?BI»T187,HSF 

167 fCS.'IAtCO', '.laaRLB OF F!XL SCOTS OF CUFtC SKULAR tjt BBR*',H) 
BETUEH 

ir LEAOIBG Tifia CF COBIC IS ZESO, COBStOLB IT AS A vlOAOBATIC 

151 Mn«A(2) 
iC)»A( 3 ) 

A{3) -A(a) 

AA>bABS (A (1)) 

IFUa.LT. 1.0-12) GO TO 152 
BCEC>2 

CALL ZEPC1.T (A.K9E0.Z,I£B) 

IF (lEB.BE.Q) GC' IC 103 

CBiar BOOTS OF QDADRATIC, SEIZCT EBAl. E9CTS 

CC 165 I«1,2 
165 ?eitrcl62,Z(l) 

J«1 

CO 166 I>1,2 
BB>0XBAG (Z (I) ) 

CCaOAaS(BB) ' 

IF (CClGt. V.0 t 12) OC TO 166 
|Z(J)'iZ(I) 

EBI ST164,BZ (J) 

ji 4 t 1 

:)66 CCHTIBOB 

FfiIJtt167,SBE 
JETOBH ■ ' ■ ■ 

IF UADZMG TBBB OF Q0A03ATIC IS Z^Q, CONSIOEB IT AS A BIlfEAB EQ. 

152 A(1)»A{2) 

' AC 2 j=.A( 3 ) 


ROOT0037 

ROOT0038 

BOOT0039 

boOtoqbo 

RObTOOiil 

KOOXOOtt2 

BOOTUOU3 

B0070044 

BOOTOOiiS 

ROOT0046 

BOOT0047 

BOOT0048 

8OOT0U49 

800TOQ50 

EOOT0O51 

BOOT0052 

SOOT0053 

ROOT0054 

SOOTOOSS 

BOOIOOS6 

80070057 

BOOT0058 

BOOT0059 

Bbot0060 

BbOTOQ^I 
80070062 
BOOT0063 
BOOT0064 
80070065 
B0070066 
800700^7 
BOOT 0068 
ROOT0069 
80070070 
800X0071 

Bobxoooi 


IZ(1)«-|(2)/A(1) BDOT0073 

IEBtI 80070074 

$5117164,82(1) B0QiQQ75 

|8IBS167;hEE ' ■ EobTb'076 

|ETb8H" “ ?POT0077 

105 E8iat101,IIF BbOT0078 

iqi iceeat(;o!,;ee£ob ie zbpclz, iee*;,i 6) Bb0ioo79 

' fETDBil' ■■ ' ' ‘ “■ BbOlOOSO 

•ISO " ' Kp§7008i . 
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PEOCSia 2 

CA2CJlAT:atl CF SFAaVISe CI2Tt:3aTtC» C* OMSTFADY I.tUUCFO DOUNWASH, 
YSCTIOII UFt AMO SFCTlOil ROflEMT USIHC OMSTSADT LIFTIXC-LIXE TUEOBT 

FEAl«a FI (i»,24) ,BT(:«,2ii) ,SlCaAO,?I, ?HtTA,PS20,?SI1 ,PS12,T0P, 
e »0C?,V1P,710?,»2?,V20P,V?,VDP.VAaP,»?HASE,£,OEi.1, JE12, 

S CLOPjCtOOr.CL 1P.CL lOF, C12P.CI.2DP, 

5 CLSap,CLS0CP.Ct31?,CLF 10P ,CLS 2P,CLS23P, 

6 cao?,crQor,c!ir,cr. lor.cr.ap.c.-!::)?, 

e cas 0 p,ca£ 3 cp,c!si?,css 102 ,cas2p,cns20P, 

6 CL20E,CL23I.C1.2C?,Ct30I,Ca2C?.,C12Ol,CaJOS,Ca3DI,3A'HnA.CC0, 

6 SlGaA,Ea,CI.03P,CL0aO?,CL1 1P,CL11DP;CL22P,CL22OP,Ca00P,a;90DP, 

6 caiip,CBiio?,ca:2P,ca22s? 

CCaaCH/AEEA1/X2,PVAS£A2/SIGaA,CC0, JJ/AEEA3/GAaaA,£a/AEEAU/SIGaA0, 
cpi,n:i,ae 
IKTEGEE AR,2NC 
PI-3. 141592£J3S337gC0 
GXaaA-. 57721566490 1S34D0 
EEAD401, ( (XI (I.H) ,1-1,8) , 8-4,24,4) 

PEA0401, ((WI(I,8) ,1-1,8) ,8-4,24,4) 

401 FOERAI (23Z,?20.1S,32Z) 

EEL1-PI/60.00 

CZ12-8.7E0-PI/180.E0 

.88 FEA0402.S7GHA0,AS,E80,KH 

402 FCSBAT(F9. 6,12,81, II, 41,11) 

I0EH7IFZ PI.ASFC2B 

GC TO (200,201,202) ,88 
200 E8-4.C0/P1 

PEr8T300,SIGr.A0,AS,a8 

300 FOEBATC1' ,'SIGaAO-* ,F8.S ,2Z, • AE-* ,I3,2Z, 'aB-- ,13, 2Z, 'ELLIPTIC 

S81BG') 

GO TO 303 


ponzoooi 

PCR20002 
PGa2000J 
80820004 
PG820005 
PG820006 
PC 320007 
PCa2U008 
PGR20009 
PGfl20010 
PGR20011 

paa2ooi2 

PGB20013 
PG820014 
PG 8200 15 
PCa20016 
PGB20017 
PGa20018 
80820019 
PG820020 
PG 820021 
PG820022 
PG820023 
PG 8200 2 4 
PG820025 
PG 820026 
PG820027 
PG820028 
PGB20029 
PG820030 
PG820031 
PG820032 
PG820033 
PGB20034 
PGB20035 
PG820036 


201 E8- 1.500 
PBI8T301,SIGaA0,AE,8B 

301 fCHBAT('1' ,'SIGaA0-',F8.5,2I,'lS-',13,2Z,'B8-',13, 2Z, 'LESTICOLAS 
68IBG') 

GO TO 303 

202 EB-16.DO/(3.tO»PI) 

PB1BT302, 31G8 AO, AS , 88 

302 FOEBATC )','SIGaA0-',F8.5,2X, •AE-',I3,2Z, '88-' ,13,2Z, 'COSP-TIPPED 
6SIKG') 

303 CC8TIH0S 
THIIA-DEL1 

DO 191 11-1,11 
S-DCOS (THETA) 

CALL DHaASa(S,70P,V0DP,Y1 ?,71DP,72P,72DP) 

FOB POSE HEAYE SIT (808-0. 8.B.T. SEGATIYE OF BEA7E A8GLE) 

7P-2. CO*VOOP/S108AO 
7CP — 2.0Q-Y0P/SIGHA0 

FOB POBE PITCH SET 

1P-71P 
7DP-7 10P 

7A3P-0SgET (75»7P*7CF-7CP) 
fPHASE-0ATA8 2(70?, 7E) 
lF(7PnASE) 41,42,42 

41 7PHASS-2.30*P1»7FH1SE 

42 7PUA3E=iaO.CO-VPhASE/Pl 

PS 1ST 400,3,7 0?, 7 IP, 7 2?, 7 0 OP, 71D?,720P 
400 rOaaATCO* ,'S = ', F8.3,2r,'70P=',’10.7,3X,’71P-»,F10.7,2X, *72P-', 

6 510. 7, 2X, •700P-',n0.7,2X,'710P»',F10.7,2X,'72D?-' .F10.7) 

EEINT530,S,7?,7C?,7Aa?,7PHAS£ 

500 FCBK.M ('O', *S-', 58.3,2X, •7P-',?10.7,2X,'7DP-',F10.7,2I,'7ABP-' , 

6 f10.7,2X,' VPHASE-' ,513.8) 


PG820037 
86820038 
PG820039 
P6 820040 
P6B20041 
PCB200 42 
PGB20043 
PG820044 
PGB2004S 
PG 820046 
PG820047 
PGB20 0 48 
PG 320049 
PG820050 
P68200S1 
PG8200S2 
PGB2005 3 
PG8200S4 
PG820055 
PG8200S6 
PG 320057 
PG82005S 
PGH20059 
PG820060 
?GB20061 
PG820062 
PG820063 
PGH20064 
PG 820065 
PG820066 
PG820067 
PC820068 
PG820069 
PG320070 
PG820071 
PG820072 
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CAtL CI1 (S.TOP,TOOF,T1 P,V 1 0 P.T2P.V2SP, 

8 CLOP.CLOCP, Cnr,Ci10P,CL2?,CLJD?, 

5 CLSOP.CLiODP.r LS1P,CLriD?,CLS;'.’,Cl.S2aP, 

6 CLOcr.cLCJur.cii tp.ciii a;.ci 2 jr,ci. 2 JD?> 

CALL cm (S,Ta?.70SP,V1?,7 t0P.V2P,V20P, 

6 C.lOP.CaOLP, Clip, Cl 1D?,C.*.2P,C.'1J0P, 

8 CaSOP,C.'lSODP,C.*.S1?,CSS1D?.C 1S2P,C.1220?, 

8 cnoo?,CBOOc?,caii?,c!nop,c.i22?,ca22bP) 

R3a POBB HilTB SIT 

CL2SB«CL3P 

CL20I>CL30P 

CLJC8*CLa3P 

CL3CI*CLOOOP 

oi2Da>cao? 

CB2oi«caoo? 

CK20a*CHOOP 

ca3ci>caa30P 


ros ?QBB PITCH sz; 

CL2DP>CL1P 

CI2CZ>CI1S? 

C13D9«CL11? 

CL3DI-CL11DF 

Ca 20 B«CH 1 ? 

Cfl 2 S!>Ca 10 P 

caJUKsnp 

CHSDIaCallOP 

PRIBT 600 .S,CL 2 SS,CL 20 I,CL 3 DB,CI 20 I 
600 fcaaA?(' 0 ','s-',re. 3 , 2 x, 'cLaoF-'.Fio.s.ax,* cl 2 di»* , 71 o.s, 2 x, 
8 'C 13 Da»*,f 10 . 5 , 2 X,*CL 3 DX»*,F 10 . 5 ) 

PKUrr 700 ,S,Ca 2 DB,C 32 CI,Ca 30 E,Ca 3 DI 
700 IOaHiI(« 0 »,'S«' ,? 8 . 3 , 2 X,* C 320 B-* ,P 10 , 5 , 2 X,'Ca 2 DI»', 710 . 5 , 2 X, 


PSH20073 
PC 32007 « 
PG32007S 
PGH20076 
PGn20077 
PGa20078 
PG320079 
PGH200SO 
PGa200S1 
PGR20082 
PGB20083 
73820084 
PGH20085 
PG320086 
PG320087 
PGa20088 
PGa20089 
PGR20090 
PGa23091 
PGH20092 
PG320093 
PGH20094 
PGH20095 
PG820096 
PGH20097 
PG320098 
PG320099 
PGH20100 
PGa20101 
PG320102 
PG320103 
PGH20104 
. 93820105 
. PG820106 
P6 820 10 7 
PG820108 


8 

'C330B»* ,710.5,2I,*C33DI»*,710.5) 

PG 820109 

191 TaBTA«THBIA*3EL2 


PG820110 

ir(£30.VZ.1) GC TO 88 


PG820111 

STOP 


PG820112 

ISO 


7 Ga 20113 
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FSccaAa 3 

CAiCULATXCS cr rCTAL CL ASS C.l .-CS AS OSCILLAUSC KSITE HIHG 
OSIIU aSS'SEAST LlfllHG-LlNE THECf.T 

gEAL*e Xl(E4,:a) ,ST(2»,2U) ,SICRA0,?I, -tHET A.?SZ0. PStI ,PSI2,T0 P, 

C VJOP.TIP. »1CP, V2P, V2Dr,V?,VOJ,VAR?,TPlUSE,S,OfiL1,3EL2, 

5 CLOP,CLODP,a.1P,CL1D?,CL2r,CL2DP, 

6 CL30P,CLS3SP,CLS1P,CLS1D?.CU:?,C1S2JP, 

6 c.-.j?,c.'!cci,c: If .CRISP, csxp.cr.acp, 

5 C<S0P,CaS0EP,CSS1?,CRE 1DP ,C;132?,C.'1S20P, 

e CL2OS,CL2Cl.CL2DII,CL3LI,C!l2SS,CR2EI,C»3D&,C.'<3OI,SAAnA,CC0, 

6 s:GaA,£N,cc,so!)i,soa2,san3,suRu,30.<i5,sua6,£un7,S3Ra. 

6 TCt2DB,TCLM:,tCL3DE,TCU0I,rC.'12OE,TCa2DI,TCn3aE,TC33DI,FACT, 

& CLOOP,CIOOCP.CL11?,CL1 10P ,CI22?,CL22O?,CEg0P,CS033P,Cal1 ?, 
c c.'iii0r,ca:2r,CR22Dp 

cos flC S / AlEA V a: # k VA B EA 3/G AS BA , S S/A EE A VSIG a AO , PI , s a , Afi 

ISTEJEE AS, LSD 

fl»3. 1415926 5358979C0 

CA3KA-.5772156649C1534C0 

IEA0401, ((XI(I,S) ,I>1,S) ,S>4,2U,4) 

BEAC401, ((4T (I,S) ,I>1 ,R) . H<4 ,24,4) 

401 fC3EA1(20X,?20. 15,32X) 

88 EXAC402,SIGaA0,AE,IS0,BH 

402 ICEUI(79.6,I2,8Z.Z1,4X,I1) 

ZOEBTIFt PZAaiCSE 

GO TO (200,201,202) ,BH 

200 ES>a.00/PZ 
ESZST300,SZGaAO,AE,Sa 

300 ICEaAT(M*,*SIGBA0«*,?8.5,2I,'AE**,I3,2X,*HH«* ,13, 2X ,• ELLIPTIC 
SSISGM 
GO TO 303 

201 ZB-1.500 


PCa30001 
PCR30002 
PCa30003 
PGa30004 
PC 83000 5 
pca30006 
PG830007 
PGBJOOOa 
PGa30009 
PCR30010 
PGR30011 
PGa30012 
Pca30013 
PG830014 
PC 8300 IS 
PGB30016 
PG830017 
PG830018 
PGR30019 
PGR30020 
PGR30021 
PG 83 002 2 
PG830023 
PG830024 
PG83002S 
PG 830026 
PGB30027 
P6830028 
PG830029 
PG830030 
PG830031 
PG830032 
PG830033 
PGB30034 
PG 830035 
PG830036 


P8IBT331 ,SZG8A0, AF ,SS 

301 FCE3AT (M*, 'SIGaAC*', 78. 5, 2X , • AS»* ,13,21, 'SH«* ,Z3,2X,'LEHTICaiAE 
6SI8GM 

GO TO 303 . 

202 IB«16.CO/(3.DO*?1) 

FBZBT302,SIGBA0,AB,Ea . 

302 FCS3AT{M',*SIGaA0«*,?8.5,2X,'Aa«',r3,2X,'HS-',I3,2X, 'COSP-TIPPED 
GBISGM 

303 CCSTZSOE 


IBTEGEITIOH OF SECTIOS LIFT A80 aCBSST COEFF'S, OSIHG 16-90IST 
lEGESOBE-GAOSS QOALBAT'JEE, TO FIBD TOTAL COEFF'S 


C 


B>16 

EOEl^O.CO 

£0a2«0.C3 

saa3<o.co 

!0a4«a.zi0 

SO85«0.CQ 


e 

c 

e 

e 

0 

G 


joae^o.DO 

saa7«o.EO 

saa8»o.co 

E*S/2 

ic 10 i«i,a 

THE1A-.S00«PI* (1.C0*ZI(I,S)) 

<>CCOS (THETA) 

CALL D8aASa(5,V0P,70D?,71P,T1DF,»2?,72S?) 

CALL CL1 (S, 10P,70D?,71P,» 1D?,»2P,»20?, 

CLOP, CLOD?, CL1 P,CL10P,CL2P,CL20P, 
CLEOP.CL'ODP.CLS 1? , CLS 1 SP,CL3 2P.CLS 2DP , 
CIOC?,CLOOCP.CL11?,CL11DP,CL22?,CL220?) 
CALL CS1 (S,VOP,yOO?,71?,V10?,v:?,V2DP, 

ClOP,CaOD?,CalP,C.11DP,C«2P,CR2DP» 

caso?,casoop,casi?,casiD?,cas2E,cas2o?, 

ca00P,ca00DP,:aii?,canD?,c322P,cs22o?) 


PG830037 
PG830038 
PG830039 
PC 830040 
P6B30041 
PGH30042 
PG 830043 
PGB30044 
PC83004S 
PGB30046 
P6830047 
PG8300 48 
PG 830049 
PC 830050 
PCa300S1 
PCa300S2 
PGa30053 
Pca30054 
PG8300SS 
PG8300S6 
PG830057 
PG 830058 
PGH30059 
PG830060 
P0a30061 
PG830062 
PC 830063 
PCB30064 
PG830065 
PGB30066 
PC 830067 
PCa30068 
PGB30069 
PG 830 0 70 
PGH30071 
PC 8300 7 2 
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KB BOBS HEIVE S£T 
CL2CC*CLC? 

ci.:oi«ci.oo? 

C1.3Da>CLJ0P 

cuo:<cLoacp 

CB2Ba«CE0P 

caioi>CBOOP 

ca30B>caoop 

CB30£>Ca00DP 

BOB POBE PXTCa SIT 

CL2DS-CL1? 

C12SI«CL10P 

C1.3DB>CL11? 

C13DI-CI.11DE 

cn 20 H«cai? 

Ca2DI»CM1D? 

ca3oa>CBiip 

Ca30I>Cfl11DP 

CC>C3I5 (XHtTA) 

SOB 1«3aal*Cl2DE*CC'«T (I,H) 

!0B2»S0a2*CL2DI«CC»iiT (I.K) 

S0B3«3na3»CI3ES«CC’«T (I,H) 

«tIB4»S0H4*CL3DI«CC*\iX (I.K) 

S0B5«S0aS + Cfl2D?.«CC»Wt (I,S) 
i0B6«S0a6*CB2DI*CC*«T(I<M) 
soa7*saa7*ca3DS’»cc*i(i (i,a) 

10 «oa8>soaa*ca3o:«cc*iiT(i.a) 

TOTAL Cl ABC Ca 

rofi BBATZ SIT (BCBaAUZZO 8.B.T. MECAIXTE Of HEAVE AHGLE) 


PGB 3007 J 
PSB 30074 
PGB 30075 , 
PGB 30076 
PGa 3 Q 077 
PGB 30078 
PGB 30079 
PCR 30080 
PGB 30081 
PGB 30082 
PGB 30083 
PGB 30084 
PGB 3008 S 
PGB 30086 
PGB 30087 
PGB 30088 
PG 330089 
PGB 30090 
PGB 30091 
PGB 30092 
PGB 30093 
PGB 30094 
PGB 30095 
PGB 30096 
PGB 30097 
F 6 B 30098 
PGB 30099 
PGB 30100 
PGB 30101 
PGH 30102 
PGB 30103 
PCB 30104 
P 6 B 3010 S 
PGH 30106 
P 6 B 30107 
PGB 30108 


FACT>4.00/SXGaA0 

TCL20H»S0a2»PACT 

lCL20I«-S0nl*fACT 

ici3ca»sor.4*PACX 

TC130X«-S033*FACT 

ICB20E»S0a6*?ACT 

TCfl20X»-S0a5*?ACT 

XCB 30 a«S 0 a 8 *?ACT 

TCB 3 pX— S 0 a 7 *PACT 

FOB PXTCH SEX 

ICL 2 DH»S 0 B 1 * 2 .C 0 
TCl 2 aX*S 0 a 2 » 2 .C 0 
XCL 33 F.«SUa 3 * 2 .D 0 
TCL 30 X*S 0 a 4 * 2.13 
lCa 2 DB»S 0 aS* 2 .D 0 - 
lCB 2 OI>SUa 6 * 2 .C 0 
TCa 3 DE»SUa> 2 . CO 
1 CB 30 I»S 033 * 2 .D 0 

PBXST 800 ,TCL 2 D 3 ,TCl 20 I,TCL 3 Cf.,TCL 30 I 
800 FOKBAX (‘O' , 10 X TCL 2 DB*' , 719 . 5 , 21 , 'TCIZOI^ • , F 10 , S, 2 X, 

6 'XCL 3 C 2 -’, 710 . 5 , 2 X,'TCUDI«» .F 10 . 5 ) 

PBIHX 900 ,TCH 2 DF ,TCa 2 DI,ICa OOB.rCHJOI 
900 FCSaATCO*, 10 X ,*TCa 2 DE»',ri 0 . 5 , 2 X,'TCa 2 DX«*,? 10 . 5 , 2 X, 

S ■ •TCH 308 »*,F 10 . 5 , 2 X,*TCa 3 DX«',F 10 . 5 ) 

XF(EH 0 . BE. 1 ) GO TO 88 
STOP 
BBO 


PGB 30109 
PGB 30110 
PCB 30111 
PGB 30112 
PGB 30113 
PGB 30114 
PQB 3011 S 
PGB 30116 
PGB 30117 
PGR 30118 
PGB 30119 
PGB 30120 
PGB 30121 
PGB 30122 
PGB 3012 J 
PGB 30124 
PGB 3012 S 
PGB 30126 
PGB 30127 
PGB 30128 
PGH 30 129 
PGB 30130 
PGB 30131 
PG 330132 
PGa 30133 
PGB 30134 
PGR 3013 S 
PG 830136 
PGB 30137 



Figure 2.1. The three characteristic length scales for a harmorii- 
cally-oscillating wing. 
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Figure 2.2.. The five domains of unsteady three-dimensional effects 
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Figure 2.6. Schematic of matching order for inner and outer 
expansions. 
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Figure 2.7. Linearized paths of integration for calculating downwash 
at the wing. 
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Figure 3.7. 


Amplitude and phase of W for an elliptic wing in heave 
(A = 10, y* = 0). 
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Figure 3.8. 




Amplitude and phase of W 
(A = 5, y* = 0) . 
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for an elliptic wing in heave 
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a) rectangular 
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Figure 3.11. Amplitude and phase i 
(A = 6). 
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Figure 3.16. Spanwise moment distribution for an elliptic wing in heave 
CA - 6). 
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Figure 3.21. Spanwise distribution of for a wing in pitch (A 
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Figure 3.24. Spanwlse moment distribution for a wing in steady flow 
(A = 6). ■ 
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Figure 3.32. 


Complex vector diagram of -C. as a function of k for 

Cr ° 

an elliptic wing in heave (A = 3) . 





as a 
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as a function of k for an elliptic wing in heave (A = 16). 
o 
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y* 

Figure 4.2. Spanwise distribution of required power for an elliptic 
wing in heave (A « 8) . 



Figure 4.3. Spanwise distribution of required power for an elliptic 
wing in pitch (A = 8). 


Figure 4.4. Leading-edge suction force for an airfoil in pitch and 
heave. 
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Figure 4.5. Spanwise distribution of leading-edge suction force or 
thrust for an elliptic wing in heave (A =8). 
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Figure 4.6. Spanwlse dlstrlbuClon of leading-edge suction force 
for an ^llptlc wing In pitch (A * 8) . 



Figure 4.7. Spanwlse distribution of section thrust (drag) for an 
elliptic wing In pitch (A = 8) . 
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Figure 4.8. Strip-theory values of thrust coefficient and hydrodynamic 
efficiency for an elliptic wing for several values of 
feathering parameter with pitch axis located at 3/4 of 
center- section chord. 
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0 .2 .4 .6 .8 1.0 


k 

o 

Figure 4.9. Thrust coefficient and hydrodynamic efficiency for an 

elliptic and a rectangular wing (A = 8) for several values 
of feathering parameter with axis of pitch located at 3/4 
chord Cat center section for elliptic wing). 
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Figure 4.10. Thrust coefficient and hydrodynamic efficiency, predicted 
by unsteady lifting-line theory, for an elliptic wing 
(A = 16) for several values of feathering parameter with 
axis of pitch located at 3/4 of ceiiter section chord. 
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■ : o ■ 

Figure 4.11. Thrust coefficient and hydrodynamic efficiency for a 
rectangular wing (A = 8) for 0 t =® 0 and .8 with axis 
of pitch located at 3/4 chord Caf ter Lan (1979)). 
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with Increasing k^, 

|w^| starts to diverge 

— — with Increasing k^, 

phase of W'^ starts to 
diverge 

less accuracy than for higher k 


A too small 


k^ too large 



Figure 4.13. Region of validity of the present unsteady lifting-line 
theory. 




Figure 5.2. 


Phase advance of pitch relati 
modes of E. 




to heave for the normal 
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Figure 5.4. Amplitude ratio of pitch relative to heave for the optimum motion 
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invisible 



Figure 5.5. Phase advance of pitch relative to heave for the optimum motion. 
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Figure 



,9. Amount of third mode ^relative to invisible mode in the optimum. 
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Figure 5.14. Hydrodynamic efficiency, proportional feathering parameter 
and location of pitch axis for optimum movement of a rigid 
elliptic wing. 
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Figure 5.15,. Amplitude ratio of pitch relative to heave for optimum 
movement of a rigid elliptic wing. 
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Figure 5.17. Proportional loading parameter for optimum movement ot a 
rigid elliptic wing. 
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Figure 5.19. Sinusoidal tjnotlon o'? <a flat plate airfoil under quasi-steady conditions. 






b) drag-type wake Co - B » 0) 


Figure 6.3. Two examples of thrust- and drag-type wakes (the strength 
and sense of local vortlclty Is indicated by curved 
arrows) . 



Figure 6.4. Thrust coefficient for an airfoil in heave. Unsteady 

theory:- — -; Smith and Stone (1961):-- — ; turbulent bound- 
ary layer drag added to results of unsteady theory: 
experiment: o (after Kelly* et al. (1964)). 
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oefficient arid hydrodynamic efficiericy for ari 
in pitch and heave; 


Figure 6,8. Control volume for the momentxim theorem In three 
dimensions. 



Figure 6.9. Control volume for conservation of energy In three 
dimensions. 
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Figure A. 2. Integration contour for (A. 20). 
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Figure B.l. Transformation of the 


b 



(co/A) - (y/b)2 
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0 tt/2 
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Figure B.2. The function Mj (0* ,0{) s (o' - 0{)2 sin ej / (cos 0' 
versus 0{ for several values of y* = cos 0'. 
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% 


1 

H 



H 

1 

0.00 

1 .000 

0.000 

3.2 

.024 

.176 

.05 

.927 

.138 

3.4 

.017 

.163 

.10 

.863 

.211 

3.6 

.014 

.155 

.20 

.750 

.298 

3.8 

.012 

.148 

.30 

.656 

.347 

4.0 

.008 

.140 

.40 

.576 

.374 

4.2 

.005 

.130 

.50 

.507 

.389 

4.4 

.006 

.123 

.60 

.447 

.395 

4.6 

.002 

.120 

.70 

.395 

.395 

4.8 

.002 

.115 

.80 

.350 

.391 

5.0 

.000 

.110 

.90 

.309 

.384 

5.2 

.002 

.104 

1 .0 

.274 

.376 

5.4 

.001 

.097 

1 .1 

.242 

.366 

5.6 

-.002 

.095 

1 .2 

.215 

.356 

5.8 

.002 

.093 

1.3 

.189 

.345 

6.0 

-.002 

.090 

1.4 

.170 

.333 

6.5 

.000 

.083 

1.5 

.150 

.321 

7.0 



.077 

1.6 

.136 

.310 

7.5 



.070 

1 .7 

.121. 

.299 

8.0 



.066 

1.8 

.107 

.288 

8.5 



.062 

1.9 

.098 

.277 

9.0 



.058 

2.0 

.084 

.268 

9.5 



.055 

2.2 

.065 

.249 

10.0 



.052 

2.4 

.052 

.233 

10.5 



.049 

2.6 

.041 

.216 

11.0 



.046 

2.8 

.034 

.202 

11.5 



.044 

3.0 

.028 

.189 

12.0 


1 

.042 




oo 


' 

1/(2q) 


Table 3.1. Numerical values _of the r^al and imaginary parts of the modified 
kernel function of Reissner |jC(q) = + J 
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